


identity hold and that inverses exist. That is, for all m;, mj E 

M, the element m; * mj is a uniquely defined element of M 
(closure). That m; * (mj * mk) = (m; * mj) * mk holds for all 
m;, mj, mk EM (associativity). That there exists an identity 
element, e E M, such that, e * m; = m; and m; * e = m; for all 
m; E M (identity). Finally that there exists an inverse element 
m/ E M such that m; * m/ = e and m/ * m; = e for each 
m; E M (inverses exist). 

The Cayley group, (M, EB ), used in the technique described 
in [1] characterizes the Boolean function, f: B" ~B. (M, EB) 
is a group in which M consists of all possible min terms in B", 
that is, all points in the space defined by B" and EB is the 
binary operator for the group. This group has an identity 
element corresponding to an n-length bit string of all zeros 
and additionally for each element m; E M, m;·1 = m;. 

D. Cayley graph 

The Cayley graph corresponding to this group representing 
the Boolean function, f, has a vertex set, V, in which each v; 

E V uniquely corresponds to an element of the set m; E M. 
The edge set,E, is given by the equation below. 

The adjacency matrix, A, for this Cayley graph is a matrix 
of size 2" x 2" with aij = 1 iff (m; Ef) mj) = 1 and with aij = 0 
otherwise. A is a symmetric matrix because m; Ef) mj = mj Ef) 

m;. The adjacency matrix for the example function is shown 
in Figure 2 and the corresponding Cayley graph described by 
A is shown in Figure 3. 

1 0 1 0 0 1 1 0 
0 1 0 1 1 0 0 1 
1 0 1 0 1 0 0 1 
0 1 0 1 0 1 1 0 

A= 
0 1 1 0 1 0 1 0 
1 0 0 1 0 1 0 1 
1 0 0 1 1 0 1 0 
0 1 1 0 0 1 0 1 

Figure 2. Adjacency Matrix for the Example Function Utilizing R-encoding 

The spectrum of a graph is defined as the set of eigenvalues 
for the adjacency matrix representing it in [3]. The theorems 
and proofs given in [1] demonstrate that the spectrum of the 
Cayley graph representing the group as defined in [1], which 
in turn represents some Boolean function, f, is identical to the 
Walsh spectrum utilizing R-encoding for the Boolean 
function. 

Figure 3. Cayley Graph for the Example Function Utilizing R-encoding 

The characteristic polynomial C( A.) for the adjacency 
matrix given in Figure 2 is shown below. 

c (A.) = A. 8 
- 8 A. 7 + 16 A. 6 + 16 A. 5 

- 80 A. 4 + 64 A. 3 

Solving C (A.) = 0 yields the eigenvalues, A.; V i 

{ 1,2, ... ,8} = { 4, 2, 0, -2, 0, 2, 0, 2}. These eigenvalues are the 
Walsh spectral coefficients for f as verified in Figure 1. 

Ill. EXTENSIONS 

A. S-encoding 

The first extension to the technique presented in [1] was to 
verify that in a manner analogous to that used for the matrix-
based calculation of the Walsh spectrum as discussed in [9], 
S-encoding of each element, m; E M, results in a graph 
whose eigenvalues directly yields the S-encoded coefficients 
for the Boolean function, f The adjacency matrix, B, 
resulting for the example function when utilizing S-encoding 
is shown in Figure 4 and the corresponding Cayley graph 
described by B, is shown in Figure 5. Solving for the 
characteristic polynomial for this graph yields the S-encoded 
Walsh coefficients A.; V i = 1, 2, ... , 8 = {0, -4, 0, 4, 0, -4, 
0, -4}. Note that the topology of the graph in Figure 5 is 
unchanged from that of Figure 3, only the encoding of the 
vertices is different. 
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-1 +1 -1 +1 +1 -1 -1 +1 
+1 -1 +1 -1 -1 +1 +1 -1 
-1 +1 -1 +1 -1 +1 +1 -1 
+1 -1 +1 -1 +1 -1 -1 +1 

B= +1 -1 -1 +1 -1 +1 -1 +l 
-1 +1 +1 -1 +1 -1 +1 -1 
-1 +1 +1 -1 -1 +1 -1 +1 
+1 -1 -1 +1 +1 -1 +1 -1 

Figure 4. Adjacency Matrix for the Example Function Utilizing S-encoding 

Figure 5. Cayley Graph for the Example Function Utilizing S-encoding 

B. Other possible operators 

Next all the remaining fifteen Boolean functions of two 
variables were considered as possible alternative operators to 

. EB in the formation of other Cayley groups. Only the two 
non-unate functions, EXOR ( EB) and equivalence (EXNOR, 
=) were found to satisfy the definition of a group using the 
mapping operation in [1]. 

C. Equivalence 

The Cayley group defined using equivalence as the Boolean 
operator, (M, = ), proved to have properties similar to the 
correspondence between the two operators, EB and = . This 
group has an identity element corresponding to an n-length 
bit string of all ones and for each element m; E M, m/ = m;. 
The adjacency matrix, C, for the example function using this 
definition for the Cayley group is shown in Figure 6 and the 
corresponding Cayley graph is shown in Figure 7. 
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0 1 1 0 0 1 0 1 
1 0 0 1 1 0 1 0 
1 0 0 1 0 1 0 1 
0 1 1 0 1 0 1 0 

C= 
0 1 0 1 0 1 1 0 
1 0 1 0 1 0 0 1 
0 1 0 1 1 0 0 1 
1 0 1 0 0 1 1 0 

Figure 6. Adjacency Matrix for the Inverse of the Example Function 

Figure 7. Cayley Graph for the Inverse of the Example Function 

As is shown by Figure 7, the topology of this graph, for the 
same example function is quite different from the one 
produced by the Cayley group, (M, (£> ), as shown in Figure 3. 
Of particular interest is the presence of self-loops in Figure 3 
and their absence in Figure 7. This is determined by the 
value of m0 ffi mo. For the example function, f, and the 
Cayley group, (M, EB ), 

(mo ffi mo) = (000 $ 000) = 000 

which is a min term for the example function, f, while for the 
Cayley group, (M, = ), 

(m0 = m0) = (000 = 000) = 111 

which is not a minterm for the example function. It is the 
value of this calculation that determines the presence or 
absence of self-loops in the corresponding Cayley graph for 
the function. If the result is a minterm of the function, self-
loops will appear at all vertices in the graph; if the result is 
not a minterm of the function, self-loops will not appear in 
the corresponding Cayley graph. 



Solving the characteristic polynomial for the new Cayley 
group, (M, = ), produces the Walsh spectrum for the inverse 
of the example function directly, It; V i = { 1 ,2, ... ,8} = { 4, -
2, 0, 2, 0, -2, 0, -2}. 

As in the previous discussion on S-encoding, if the 
example function, J, is S-en coded using the Cayley group, (M, 
= ), the S-encoded Walsh coefficients for the inverse of the 
example function can also be obtained directly using (M, = ). 

D. Direct Calculation of the Adjacency Matrix 

During the computations required to obtain the adjacency 
matrix for a function using the definition of a Cayley group, a 
method was discovered which greatly minimizes the 
computational cost of producing the adjacency matrix for a 
function under consideration. In a method similar to the "fast 
transform butterfly diagrams" described in [15] it becomes 
possible to obtain all the other n ""'' nn rows of the adjacency 
matrix from the no row by a series of transpositions as shown 
in Figure 8. Additionally, because the first row of the 
adjacency matrix for the Cayley group, (M, EB ), consists of 
the equation, e * m; == m; Vi c { 1, 2, ... , n}, the first row 
of the adjacency matrix can be obtained directly from a 
transpositiOn of the output vector for the function. 
Conversely, for the Cayley group, (M, = ), the equation, e * 
m; == m; Vi c { 1, 2, ... , n}, occurs in the 1111 row of the 
adjacency matrix and thus the transformation can proceed in 
a similar manner from right to left. 

Figure 8. Transfonnation Diagram 

IV. CONCLUSION 

A new Cayley group whose graph represents the spectrum 
for the inverse of a function is presented. Additionally it is 
shown that both the group, (M, EB ), and the group, (M, = ), 
can be used to directly calculate S-encoded coefficients by S-
encoding of each element, m; E M. Finally a "fast" method 
for calculating the adjacency matrix by transposition is 
presented. 
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