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ABSTRACT

The electromagnetic wave equations for the fields, potentials
and Hertz vectors are derived and a Lorentz gauge is given for
space-time dependent media. Electromagnetic wave propagation,
electric and magnetic dipole radiation, and Cerenkov and transition
radiation in sinusoidally space-time periodic dielectric, plasma and
uniaxial plasma are studied and numerous radiation patterns are
given. A special radiation effect in the uniaxial plasma is inves-
tigated. Finally the study is extended to general space-time
periodic media (i.e., € = eoer[l + elf(Kz - t)] where f(£) 1is a

periodic function).
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I. INTRODUCTION

Considerable interest has recently been stimulated by
phenomena that involve the interaction between two waves in the
presence of liquids, solids or plasma, including such applications
as diffraction of light by ultrasonic waves [1], parametric processes
in nonlinear media [2], optical visualization of sonic waves [3,4],
Bragg scattering in plasma [5], and others. These processes usually
involve a stronger wave (of the elastic, electromagnetic, or other
type) that produces a space-time periodic modulation of the properties
of a medium which in turn causes a diffraction of the weaker wave
(usually of the electromagnetic type).

The configuration which is customarily selected to represent
the two-wave interactions expresses the periodic modulation caused by
the strong wave as a traveling wave variation of the permittivity
along one particular direction in the medium (i.e., €(z,t) =
eoer[l + Elf(Kz - Qt)] where £(§) is a periodic function); this
allows linearization of the problem. Two limiting cases are also of
great interest: periodically time-dependent media (i.e., K = 0) and
periodically stratified media (i.e., & = 0).

Plane waves in periodically time-dependent media were studied
by Holberg and Kunz [6]. Plane wave propagation, dipole radiationm,
Cerenkov and transition radiation in sinusoidally stratified media
were extensively investigated in the last decade by numerous
authors [7-14]. For sinusoidally space~time periodic media, only the

plane wave and guided wave propagation problems in dielectric and
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isotropic plasma were studied {15-20].

In our present work, the problem of electromagnetic waves in
sinusoidally space~time periodic media is formulated in a compact form
such that the basic results and diagrams apply, with minor changes, to
different problems (plane wave propagation, electric and magnetic
dipole radiation, and Cerenkov and transition radiation), and to dif-
ferent media (dielectric, plasma, anisotropic and uniaxial media).

Our method is then extended to the generally space-time periodic media
and all the analytic results obtained in the sinusoidal case are found
to be valid,with slight modifications, in the general periodic case.

A method using the Hertz vectors is also investigated, the
Hertz vectors wave equations are derived, and a new Lorentz gauge is
given for space-time dependent media.

In most of our study no limit on the modulation amplitude €1
is imposed (except that € > 0 for the dielectric and N > 0 for the

plasma density), and the analytic solutions are exact (approximations

are used only in the numerical computations).
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II. SPACE-TIME PERIODIC DIELECTRIC

The medium constants are taken as

B o= uo = free space magnetic permeability
e = e(z,t) = soer[l + elcos(Kz - Qt)]
where eo = free space electric permittivity
er = relative permittivity of the undisturbed dielectric
€ = amplitude of the relative permittivity change due to

the disturbance

The disturbance is a plane wave propagating in the z direction with a

velocity vy = Q/K

A. Wszve Equations

1. Field equations:

Maxwell's equations for the current-free medium are:

3K
VXxE-= -uo—B.t— (2A.1)
VxH= 2= [e(z,0E] (24.2)
V-H= 0 (2A.3)
Ve [e(z,t)E] = 0 (2A.6)

This set of equations gives the wave equation in a space~time

dependent media:

2 52
V'E = uy_—= [e(z,t)E] + VV » E (2A.5)
= o 2 = =
ot
2 3 SH 3 v
— ——— X
VH = u oo [e(z,t) 571+ 5ElE e(z,t)] (24.6)
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The electromagnetic field can be subdivided into a T.E.
field (i.e., transverse electric where E = E e and H=He+ He),
- =y - XX z—z

and a T.M. field (i.e., transverse magnetic where H = H Ey and

E=FEe+E e ) relative to the z-direction (Fig. 1). For the T.E.
- XX z—Z

field the vector E is normal to Ve(z,t), then equation 2A.4

becomes

Ve [e(z,t)E] = e(z,t)V+ E + E» Ve(z,t) = €(z,t)V+E= 0

and the wave equation reduces to

VE - u 3-2—2— (E) = 0 (24.7)
where E=Ee . For the T.M. field, no such simplification is pos-
sible.

| | | |
| | | -
| | | —
l | | |
| | | |
| l l |

x | | H |
| l el l
l | TE wavé | |

y z

Fig. 1. TE and TM Fields



2. Hertz vectors

The electromagnetic field can be described by the electric
Hertz vector [l , and magnetic Hertz vector M which are defined by

(see Appendix A):

1 o
E=s-cVxVxT+V X == (2A.8)
) oL
g=-rvxvxg-vx§-{ (2A.9)

o}

The Hertz vectors have the properties that, in our problem,
their wave equations are scalar equations. In fact, as the vector
currents considered in this study are parallel to the z-axis, the
e.m. field can be determined completely from the z components of the

two Hertz vectors. Outside the source volume, we get:

I = Qe M = Me (2A.10)
- -z = -z
2 ) 51
Vzn + € P (-é- S-z-) - uoe g:i- = 0 (2A.11)
2 3 oM, _
VM - T (e ) = 0 - (2A.12)
2 2 @
where V2 = V° - —5 . See Appendix A for the detailed computation.
oz

B. General Solution

1. Transverse electric waves:

a. Dispersion equation and wave vector diagram.

The electric field E = E(x,z,t)_gy is a solution of the

equation
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2 32
VE-uyu ~——= (€E) = 0 (2B.1)
o atZ

Using Floquet's theorem in conjunction with the principle of
superposition, the solution for the electric field can be written

eiﬁxi—i(Kz - wt) nz+w E ein(Kz - Qt)

n

E(x,z,t)

nN==x0

or
eidx + i(k + nK)z - i(w + nf)t (2B.2)

"
%
tx1
=}

E(x,z,t)

where: En amplitude of the harmonics which are generated by the

interaction with the disturbance
§ = x-component of the wave vector

K = z=-component of the wave vector for the n = 0 harmonic.

§ 1is fixed by the incident wave in the half-space problem or the wave-
guide geometry for the waveguide problem. K 1is determined from the
dispersion equation.

The dispersion equation is found by replacing, in the wave equa-

tion 2B-1, E by its expression from 2B-2. We have

€
- 1 i(Kz - Qt)
e(z,t) eoer[l + elcos(Kz - Qt)] eoer[l +t—e

-i(Kz - Qt)]

€
1
+ 5 €

SO
eti + i(k + nK)z - i{w + o)t

i6x + ik + nK + K)z - i(w + n) + Q)t +
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E . . .
e e __l_z Ee16x+1(i<+nK-K)z—1(w+nQ—Q)t
or 2 o n

€ €
_ 1 71 idx + i(k + nK)z - i(w +nf)t
= g b By + 7 Bpol T 7 Epypde
seE _ 7 82 + Slp  pllp ) d8x+i(k +nK)z-i(w+n)t
uo 5 2 n oo 2 n-1 2 “n+1’€
t n
where BZ = U e e (w+ nQ)2
n oor
and
VZE - . Z [62+ (« + nK)Z]Eneiéx-Fi(K + nK)z - i(w +n)t

n
Putting these expressions into the wave equation, we get

€ €
2 1 1 2 2
er [BL(E+ 5 E .+ 5 E__4) - 6B - (< + nK)°E_]

< eiéx + i(k + nK)z - i(w+n)t

=0

To satisfy this equation for all values of x, z and t , the

variables En must be the solution of the infinite set of homogeneous

equations
82 - 6% - (e +n02JE + L g?E 4 Sl L (2B.3)
n n 2 "'nn+tl 2 "n n-1 *
or
DnEn + En+l + En-l = 0 - (2B.4)
where 2 52 + (k + nK)?
D = f1- ]
n € 2
1 B
n

This system of equations will have a nontrivial solution if
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its determinant A(k,6,w) vanishes, so
Ax,§,w) = 0 (2B.5)

and this is the dispersion equation. Solving 2B.5 we can plot the
corresponding wave vector diagram.
In order to have an insight on the wave vector diagram
without any numerical computation, let us study the limit when
_>.
elo

If the modulation (i.e., disturbance) amplitude goes to zero,

then from 2B.3 we get

B§—62~(K+nK)2= 0

or

2 2 2
8" + (k + nK)" = uoaoer(w + nQl)

which can be written

V4 )l 2t @4 a)?
R2 9]

where Yy = §/K

X = K/K

B = W VYUY € €

(o] [o 2o I o

= Qe €
o ooTr
R = K/K0

This is the equation of a family of circles centered at X = -n with

radius -%(% +n) . For €, =0 only the n =0 harmonic has physi-

1

cal meaning.
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Figure 2 gives the wave vector diagram for €., - 0, R= 3.5

1
and w/Q = 2.5 . On this diagram we see that there are intersection
points between two modes, so when el # 0, strong interactions will
occur around these points.

Solving the dispersion equation and plotting the wave vector

diagram for = 0,25, R= 3.5 and w/Q = 2.5, we get stop bands

€1
near the intersection points (Fig. 3). In these bands the solution
for x 1is complex and K = Kr + iKi .

A very important result which comes from this diagram is that,
for a fixed value of & , there is an infinite number of solutions for
K which satisfy the dispersion equation, so we have K = Kq where
q represents all integers €]-«<,+®[ and the Kq are real, imaginary
or complex. The expression of the field, using the principle of
superposition has now to be written
4o oo

E(x,z,t) = z Z E

e16x+ i(Kq-l-nK) z -i(w+nl)t
n=~x qz—w nq

(2B.6)
. . th th

where Enq is the amplitude of the n~ harmonic of the q  mode. The

properties of Kq will be studied later.

To be able to see some of the effects due to the motion of the
disturbance, let us compare the wave vector diagram of Fig. 3 to the
diagram on Fig. 4 which corresponds to a stationary disturbance (i.e.,
=0 or vy = 0).

Let A = wavelength of the disturbance

A = wavelength of the e.m. wave in the undisturbed
medium

v_= e.m. wave velocity 1/ Vuoeoer
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the diagram is
symmetric relative
to this axis

Fig. 3. Dielectric wave vector diagram: € = 0.25, R = 3.5,

w/Q = 2.5 . Dashed line corresponds to € 0

Fig. 4. Dielectric wave vector diagram: el = (.25, vy " 0,

AMMA = 1.4, R= o, Dashed line corresponds to € 0.
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R
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= disturbance velocity

= k/ho = vo/vd

v

el

= A
A

%o

In both Figs. 3 and 4 we have €, = 0.25 and A/A = 1.4 . Three in-

1

teresting effects caused by the motion of the disturbance appear:

1)

2)

In Fig. 3 the diagram envelope is an oblique straight
line with an inclination angle o« = sin-l(vd/vo)

In the stationary disturbance case Kq = iKo + gK where
Ko is the value of Kk for the fundamental mode, and the
field expression is

eti + i(iKo+ nK + qK)z - iwt

E=§§Enq

3 _‘ + - 3
Z Em 816X + ;(_Ko+ mK) z iwt
m

where m = n +q and Em

As soon as there is a motion of the disturbance, the
relation between the different Kq is lost, degeneracy
and shifting of the stop-bands occur. This implies that
for a fixed value of § some modes will propagate, some
will be attenuated and some will be cut off. This is a
major change relative to the stationary case where all
modes behave in the same way, they are all propagating,
all attenuated or all cut off, depending on thg value of

$ .
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3) For the fundamental mode the two solutions for Kk are
not any more equal in absolute value, as in the stationary
case, because of the dissymmetry introduced by the motion
of the disturbance in one direction. Also, the two solu~
tions for each of the other modes are not any more
symmetric relative to the center of the corresponding
circle in the wave vector diagram.
In both moving and stationary cases, for el # 0 there are
inflection points in the wave vector diagram. These points will play

a major role when we study the dipole radiation.

b. Harmonic amplitudes

The infinite system of linear equations 1B.4 has now to be writ-

ten
an Enq + En+l,q + En-l,q =0 (28.7)
where 2 62+ (¢ + nK)2
q
D =—[1-~- ]
nq 81 B2
n

As we take Kk = Kq , this system has a nontrivial solution, but since

it is homogeneous we only can determine the values of C__=E_ /E .
nq nqg oq

It is straightforward to find that (see Appendix B)

E

nqg . 1 for n>0
E —
n~-1l,q D -
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En 1
= q__ - _ I for n <0
ﬂ+l,q an - 1
n-1,q - .
Then we have
E E E E
C = Enzi == E n’g X En—l—Lq » . . L] E]:-Lﬂ for n > 0
nq 0,q n—l,q n-2,q 0,9
E En En+l E"'l
Cn = a9 _ = 9 x = 24 ... E—-’-q for n <0 (28B.8)
! 0,9 n+l,q n+2,q 0,9

and the values of qu will be determined by:

-- the boundary conditions for the half-space;

-- the source condition for the dipole.

c. Convergence

A last factor to complete the solution is to study the conver-
gence of the system 2B.7.

The convergence condition for a system of difference equations

Dnvn + Vﬁ+l +V = 0

n-1
is given by
[1im D_| > 2 (Poincare theorem [16,21])
n-)oon ,
This gives
é——ll-Rzl>2
1
>
or R>/T+c¢ for R > 1



R < V1l - ¢ for R< 1

So the solution will converge for all values of R or vy outside of

the region

1 - 1
or
A\ v
(o) —<- Vd 5- (¢]
i i

This divergence region is called the sonic region, in which
there is a blow up of all the harmonics. This condition of conver-
gence excludes from our study the case of a disturbance created by an
e.m. wave in the dielectric. (This last remark is valid only for an
isotropic dielectric; for plasma and anisotropic media, see the cor-

responding chapters).

2. Transverse magnetic field

a. Dispersion equation

We have E=Ee +Ee
- X=X 2=z

H=He
- -y

The field can be found from the electric Hertz vector wave
equation 2A.11, or directly from Maxwell's equations. Here, the
second method is used.

The field equations are:

3H 9E_  OE :
x__z __, 9 (2B.9)

Vx£=-uo§?=)_§_z- ox
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@
jaal
IQJ

VxH=+=(eE) =
v M 2 (e (2B.11)
9x ot z *
v.-g=0 = 98 _ g (2B.12)
)2 3y
8Ex 3
Ve(€E)=0 = ¢ —-a—x' + ‘a—z- (EEZ) = 0 (28.13)

Using Floquet's theorem and the superposition principle, as we did in

the T.E. case, the field expressions can be written:

eich+i(|< + nK)z - 1 (w+n)t

fae]
[

L

Jt=1
(!

Z E eich + i(k + nK)z - i(w + nQ)t
.—n
n

Z(E e +E e )ei6x+i(K+nK)z— i(w+nQ)t
& Tnxx Tnzz

Putting these expressions in 2B.9, 2B.10 and 2B.1ll, and follow-
ing the same procedure as in the T.E. case (i.e., equating the elements

corresponding to the same harmonic), we get

(k + nl()Enx -8E = uo(w + nQ)Hn

nz
! !
-(k + nK)Hn = - eoer(w +nf2) (Enx+ > En+l,x+ > En-l,x)
€1 €1
<SHn =T Eoer(uﬁ-nﬂ) (Enz+ 2 En+l,z+ 2 I‘:n-l,z)

Eliminating Hn the above system reduces to
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(2B.17)

Dn nx * En+l,x + En—l,x+ GnEnz =0
' =
DnEnz En+l,z * En--l,z+ GnEnx 0
where b - Z_ - (K + nK)2]
n € B
1 n
2 § (2
Dy = 1= 7]
1 n
2  §(c + nK)
G =— —/—/——=
n El 32
n
From 2B.15 we have
Dl
n 1 1
Ex™ "0 En,z TG En+l,z G En—l,z
n n n
1
4
n+l,x Gn+* En+l z G - En+2 z Gl En z
X n+l ’ n+1 ’ n+l
1
Dn-l E 1 E _ 1
n-1,x Gn-l n-1l,z Gn-l n,z Gn—l n~2,2z
Putting these expressions in 2B.14 gilves
2
DD'-G D '
1 1 n n+l
(=28 o, + lJE + [2+-2=]E
Gn Gn+l Gn-l nz Gn Gn+1 n+l,z
D, Doy 1 1
+ [— + ] E + E + ——— E = 0
Gn Gn—l n-1,z Gn+l n+2,2z Gn-l n-2,z
or in a matrix form
lal] - |E,| = 0

(2B.14)

(2B.15)

(2B.16)



-18~
where

|Ez| is a column vector with elements Enz

l|M|| 1is a matrix with elements:
o5 - G
Mn,n B G + G + G

= — o —
Mn ,n+l G G

Dn
= — +
Mn,n-l G

n

Mn,n+2 G

M =
n,n~2 Gn-2

and all the other elements are equal to zero.
To get a nontrivial solution for IEZI the determinant of

||M|| must vanish
A'(S,k,w) = Det HMH = 0 (2B.18)

This equation is the dispersion relation and it gives the wave
vector diagram for the T.M. case.

In the limit €, - 0 , taking the highest order of 1/¢

1 1

equation 2B.16 reduces to
A
( G ) Enz =0
n

and the corresponding dispersion equation becomes DnD; = Gi , and for

B, #0
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2 2
= Bn

(k + nK)2 + 8
which is the same as in the T.E. case. This is to be expected
because the dispersion equation for T.E. and T.M, waves in homogene-
ous isotropic media (i.e., when 81 = 0) is unique.

The wave vector diagram in Fig. 2 applies for the T.M. wave
when el + 0 . TFor €1 # 0 the T.M. wave vector diagram is similar

to the T.E. diagram in Fig. 3 (but not exactly the same), and K 1is

multivalued. Then the field expression is

ein + i(Kq+ nK)z -~ i(w + o)t

H= ) JH

nq nq
E = z X (E e +E e )e16x-+1(Kq+ nK)z - i(w+n)t
- aq ngx—x ngz—z

The values of Kq are determined from the dispersion equation or the
corresponding wave vector diagram.
The same remarks made about the effects of the disturbance or

its motion on the T.E. field apply to the T.M. field too.

b. Harmonic amplitudes

E
Equation 2B.17 gives the ratios C&q = Eﬂﬂﬁ ; then using 2B.9
0qz
and 2B.15 we get
Engx D'ng 1 1
B = = - c' + ¢! + == C' ]
nq quz G nq Gnq n+l,q Gnq n-1,q
H € W € € (28.19)
b B4 _om a1, ‘1.
Anq E § [qu + 2 Cn+l,q ) ¢ -l,q]

0qz

where w o= w + nf and the set quz is determined by the
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boundary conditions or the source conditions.
For § = 0 (i.e., normal incidence), equations 2B.19 are not

valid and we must use 2B.1l4 and 2B.15.
c. Convergence

When n + ® equation 2B.16 becomes

nz + BEn+l,z + BEn—l,z + En+2,z + En-2,z =0

where

A=2+% -8
&

B =2 (2 -R8%)
&

This is a fourth-order difference equation, and from Poincare

theorem [18,21] the divergence or sonic region is given by

-2(B + 1)

A
>
A

2(B ~ 1) for B > 4

and

-2(B + 1) 32/4 + 2 for B < 4

A
5
A

or replacing A and B by their expressions in terms of R :

2
l—el _5_R_<_1+€1 forR<2(l-el)

0 < B < l+eg for R2>2(1-el)

These inequalities can be written in one relation as

1 - €1 < R <X 1+e¢ for all R

So the sonic region for the T.E. and T.M. fields is the same.
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Reflection and Transmission: Half-Space

We assume a wave is incident upon a semi-infinite medium where

e(z,t) = eoer[l +

with an incidence angle Gi .

€

lcos(Kz

- Qt)]

The reflected and transmitted waves will

contain harmonics with frequencies w o= w + n{l , because of the inter-

action with the disturbance in the dielectric (see Fig. 5).

w=-Inif
w=-$§
w
w+
w+lnlﬂ\'\
G
™ H
< E
é—:E "
y Z
Fig. 5.

|
l
|
|

|
‘../.ﬁl/

€= ege [I+e cos(Kz-Qt)
B S R
jw=in1@ | |

X

w |

§w+lnlﬂ l
| l

N
A
L
I
I

Half space case
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1. T.E. incident wave (Fig. 5):

The normalized incident wave is

1(8151n Oix + Bicos Qiz - wt)

E. =e e
2T
i(Bisin 9.x + Bicos Oiz - wt)
H, = -cos 8, Ve /u_e 1 (2c.1)
ix i “o'%o
. 1(8151n Gix + BiCOS Qiz - wt)
H, =sin 8, ve /u e
iz i o' 7o

where B? = U € wz
i oo

The x component of the wave vector is the same for the inci-

dent wave and all the components of the transmitted and reflected

waves.
The reflected wave can be written:
i(Bisin Gix - Bincos Grnz - wnt)
E =e [R e
R (2€.2)
i(B.,sin 6 .x~B, cos 6 =~-w t)
H = Vg 7u 2 R cos @ e 1 i in m n
rX oo L "n ™n
where 2
Bln B uoeown
We must have (B,sin © )2 + (B, cos © )2 = 82 therefore
i i in rn in °
coszg +(EL-sin29. = 1
m W i
n
or
sin Oi
sin grn = —g . (2C.3)
l+na'

The transmitted wave is






















































































































































































































































































































































