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ABSTRACT

The interaction of electromagnetic waves of wavelength A with
periodic structures of spatial period A are studied. The emphasis of
the work is on Bragg interactions where A\ = 2A/N and the Bragg order
N takes on the values 1,2,... . An extended coupled waves (ECW)
theory is developed for the case N =2 2 and the results of the theory are
found to compare favorably with the exact results of Floquet theory.
Numerous numerical results are displayed as Brillouin diagrams for
the first few Bragg orders. Moreover, explicit expressions for
coupling coefficients, bandgap shifts and bandgap widths are derived
for singly periodic media. Particular note is taken of phase speeding
effects,

The effects of multiharmonic periodicities on the control of
feedback strength are investigated. It is found that with proper
phasing the feedback strength becomes zero and the bandgap disappears.
Coupling parameters are calculated for typical multiharmonic perio-
dicities for the first three Bragg orders..

For odd Bragg orders, inverted bandgaps and phase slowing
occur when the gain or loss of the media is modulated. Also average
gain or loss affects the bandgap shape and the spatial or temporal
growth or decay. Absolute instabilities are observed and expressions
are derived for the instability frequencies, thresholds and growth
rates, Under certain conditions, instabilities occur for structures
with average loss., The results for the first and second Bragg orders

are archetypical of all odd and even orders respectively.



Applications of the ECW theory to higher-order DFB filters
involve such phenomena as transient propagation, effects of periodicity
profiles and the relative coupling due to boundaries and periodicities.
The calculation of higher-order DFB laser parameters shows that the
mode spectrum is asymmetrically shifted and the threshold gain is
greatiy dependent upon the periodicity profile. Approximate threshold
parameters are calculated for high and low gain and for all Bragg
orders, In addition, application of the ECW theory to holographic

gratings and beam propagation is made.
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CHAPTER 1
INTRODUCTION

This report investigates Bragg interactions in periodic media
by using the example of electromagnetic waves propagating in spatially
periodic dielectrics, The main purposes of this report are to develop
physically meaningful approximate methods for higher-order Bragg
interactions, to show the mathematical foundations of the coupled
waves theory and to give physically meaningful explanations for
several previously unexplained mathematical results. Exact and
approximate theories are compared numerically and applications are
made to both bounded and unbounded media, tolossless and lossy media
and to both passive and active media. Examples are given which
correspond both to wave-packets in space and time and to the steady-
state response of plane waves,

The history of wave propagation in periodic media started with
Mathieu's equat:'ton1 in 1868 and subsequent generalizations by Floquei:2
and Hi113 in the 1880's, Although Mathieu's equation had its origin in
problems associated with elliptical boundaries, we will also show its
connection to wave propagation in periodic media. This latter problem
was first considered by Lord Rayleigh4 in 1887. He considered the
effect of periodic density variations upon the propagation of waves on
.a string, In the early 1900's a different, more physical, approach
was taken by Sir William Bragg. He derived the necessary spatial
period for constructive reflection of X-rays by crystals, These ideas
were formalized for quantum mechanical applications by Bloch44 in
1928. Two books in the 1940's, one by McLachlan5 and the other by

Br:lllouin,6 summarized previous work with Mathieu functions and
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with waves in periodic media. The books also provide useful
bibliographies.

While most of the above work was concerned with exact
solutions of differential equations, a second, independent approach
was taken in the late 1940's and early 1950's. This approach
stressed the physical concept of wave coupling by periodic pertur-
bations, A mechanical device demonstrated this effect in 1949 by
coupling torsional energy between two bicycle wheels which were
periodically loaded with ma.gnets.7 In 1953 P:’Lerce9 used energy
considerations to formulate what is now known as the coupled waves
approach or the coupled mode theory. This approach has been
popular because of its simplicity and intuitive appeal. Summaries
of the coupled waves approach are given in texts by P:'Lerce10 and

14,18,26

others. Within the last twenty years the coupled waves

approach has been successfully used in such diverse areas as holo-

gram diffraction, 15,22, 68,69, 81,82, 83,84, 85

12,14,16,19,20

waveguide coupling,

17, 74

traveling-wave tubes, parametric

13,14, 18, 56 X-ray diffraction, 21 distributed feedback (DFB)

14,23,24,25, 30,35, 36, 58, 70 10,14,22,26,27,28,29,

devices,

lasers, and others.

37 Extensive bibliographies on recent applications in optics and elec-

12,14, 20, 87 We note that

tromagnetics are given in the references.
the telegrapher's equations which were developed before the coupled
waves theory are of the coupled waves form. These equations are

not approximations, however, since they exactly describe one-

dimensional transmission line problems,
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The Floquet theory, which originated in the study of ordinary
differential equations with periodic coefficients, has also been useful
in the study of electromagnetic waves in periodic media. Although
this theory is more cumbersome than the coupled waves approach,
it provides an exact numerical solution. Extensions of the theory
to include partial differential equations and finite length media have

44, 45

also been made, Applications of Floquet theory to electro-

magnetic waves have been made in the areas of traveling-wave

11,43, 56 integrated optics,

11,22, 40,57, 61,

48 . . .
antennas, space-time periodic media,

32,58, 63,64 corrugated structures,s’ 60 and others.

62,75

Other exact methods that are used in plane-stratified material,
88,89

2

such as the matrix method78 or the method of invariant imbedding
will not be used here,

The second chapter of this report contains the derivation of
the first Bragg order coupled waves equations and the Floquet solution
for electromagnetic waves in longitudinally periodic media. A simple
explanation for phase speeding is given and the connection between
the Floquet and coupled waves theory is explained. The dispersion
relation is found as well as all pertinent coupling parameters.

Several Brillouin diagrams illustrate physical principles and com-
pare the approximate and exact theories.

The primary purpose of the third chapter is to extend the
coupled waves concept to higher Bragg orders. The resulting ex-
tended coupled waves (ECW) equations provide explicit dispersion

and coupling information for every Bragg interaction, Numerical
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examples again illustrate the results of both approximate and exact
theories. A section is devoted to effects caused by perturbations
of several frequencies and the resulting disappearance of bandgaps.

Periodic media with loss or gain is covered in chapter four.
Inverting and non-inverting bandgaps are found which depend upon
Bragg order and coupling type. Index and gain/loss coupling are
both considered. The effect of the periodicity upon average gain or
loss near Bragg resonance is noted.

The fifth chapter discusses the stability of active periodic
media and gives explicit values for instability frequencies and
thresholds at all Bragg orders. The stability criterion also speci-
fies the correct root of the dispersion relation.

Several applications of the ECW theory are given in successive
sections of chapter six., The reflection and transmission of transients
are discussed and demonstrated with detailed numerical examples.
The extension of previous work to higher order DFB lasers is
briefly covered. Diffraction efficienciescan be found when the ECW
theory is applied to holographic gratings. Finally, the case of
beam propagation in longitudinally and transversely periodic media
is outlined.

Conclusions of this report are given in chapter seven.,
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CHAPTER 1I

COUPLED WAVES AND FLOQUET THEORY

A. Bragg Reflections

In order to gain physical insight into the problem of waves
in periodic media, we consider a plane wave incident upon a periodic
structure as shown in Figure 2.1. It is apparent that the reflecting
waves will constructively interfere if the reflections from successive
layers differ by an integral number of wave lengths, N\ (N=1,2,3,...).

This result is usually stated as Bragg's Law,

NX = 2 A sin8 (N=1,2,...) (2A. 1)
where A = 2w/k = wavelength of plane wave
A = 2w/K = spatial period of structure
N = Bragg order

and where the velocity is assumed to be that of free space. The cases
N>2are referred to as higher-order Bragg interactions. For media

with relative dielectric constant €, we restate the result as
1
ke?/K = N/2 (N=1,2,...) (2A.2)

for normally incident waves. Note that Bragg's L.aw does not account
for the reflected wave amplitude, for the type of periodicity present
or for the effect of slight variations of the wavenumber k from the
value given by Bragg's Law.

The latter effect is called phase mismatch and can be con-
sidered in a semi-quantitative way by the use of Fig. 2.2. This figure

shows an incident wave 1 which is reflected from a three layer



Fig. 2.1 Bragg scattering of plane wave from periodic
media,



a) I -
oy - -
R
b)
Increasing
Phase
Mismatch
c) I .
/
d) I .
TR v
I = Incident Wave
R = Reflected Wave

Fig. 2.2 The effect of phase mismatch upon the reflected
wave, Zero phase mismatch a) indicates
1

k w2 /K = N/2.
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periodic medium to form a total reflected wave R, The wave R is a
phasor sum of four sub-reflections each of which has phases relative
to the first sub-reflection at the incident phase. Multiple reflections
are ignored in this simple model. Parts a)-d) of Fig., 2.2 show the
relation of the strength of the reflected wave R to the phase mismatch.
Fig. 2.2a shows the constructive interference at the exact Bragg
condition (i. e. zero phase mismatch) that produces large R. It is
apparent that there is a considerable reflected wave R for slight
phase mismatch (Fig. 2.2b) whereas large phase mismatch will pro-
duce small R (Fig. 2.2d).

Therefore, from simple wave interference arguments, one
can deduce Bragg's Law and the qualitative effects of phase mismatch,
Other theories are needed, however, to account for wave amplitudes

and the effect of the form of the periodicity.

B. Coupled Waves Approach

1. TEM Waves in Passive Unbounded Media

Consider the case of a plane transverse electromagnetic (TEM)
wave that propagates in a longitudinally periodic unbounded medium
as shown in Fig. 2,.3. Assume a time variation of the form e-lwt.

Starting with Maxwell's equations67 in a source-free, linear, iso-

tropic region, we find in the frequency domain that

VXE (z, w) = iw By H(z, w) (2. B1)
VxH (z, w) = -i weoe(z) E(z,w) (2.B2)
V. E(z,w) = 0 (2. B3)
V-eH(z, w) = 0 (2. B4)



x  TEMWAVE

)*Z/\/\—

Y

elz) = e[l + nﬁ fn cos(n Kz)]

Fig. 2.3 TEM wave propagating in unbounded periodic media.
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where w = radian frequency
B = free-space permeability
€, = free-space permittivity
e(z) = relative permittivity or relative dielectric

constant
and where E and H are the electric and magnetic field vectors.
By combining (2. B1), (2.B2) and (2. B3) we find the wave equation

for no transverse variation

2
‘-1-—%12) + k% ¢(z) B(z) = 0 (2. B5)
dz .
where E(z, w) = E(z)e-lwt = transverse component of E(z, w)
k = w/c = 2n/\ = free-space wave number
@
e(z) = e[l + an;O fp cos(pKz):l s f0 =0, f1 =

N < 1 is the perturbation.
The periodic dielectric constant has been expanded in a Fourier cosine
series., Assume that the electric field can be represented by just

10,12,15,19 a forward wave f(z) and a backward wave

two waves,
B(z) which travel with positive and negative phase velocity along z.
This assumption is intuitively appealing for n << 1 since these are

the only two possible waves in the unperturbed case. Thus, we con-

sider the transverse electric field

Z

E(z) = F(z)eP? + B(z) e 1P (2. B6)

where B is the longitudinal wavenumber. For first-order Bragg

interactions, B/K =1/2. Then let
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ﬁ"’ﬁo+AB=K/2+A¢3 (2. B7)

iABz

F(z) = F(z)e®P? B(z) = B(z)e 10PZ

(2. B8)
Use equations (2. B5) - (2. B8) and the slowly varying approximation

i AU (F” N
< lzﬁo\B'} and ' B )

primes denote differentiation with respect to z, to find

F”
Bll

2 F
<<lﬁo kB/;’ , Where

1[3z
[-B F+zlp F' + ke F+-———T]-B]

+[- p B-2iB_B' +k eB+k—-—Tl Fle 1B

135 b4
+[—-—Uk > F]e [k N B]
2. i2pB_z -i2Pp zqp iz -if =z
=K S tfe  Cve o |[Fe®4Be © ] (2.9
p=2 P
where the arguments in z have been dropped. The coupled waves
+if =z
equations are found by equating the coefficients of e ° o
15,19 1pP 2
zero, ’ The terms proportional to e (p=2,3,...) are

either ignored, termed non-synchronous or averaged over time and
considered zero.14 It will be shown later that these terms corre-
spond to relatively unimportant coupling to other waves when g /K>=1/2.

The resulting coupled waves equations are,

F'(z) -ié F(z) =1y B(z) (2.B10)
-B'(z) - i 8 B(z) =iy F(z) (2.B11)
kze-p
where 6= 28 = phase mismatch (2.B12)
o
n k2e . ..
X = B = coupling coefficient (2.B13)
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These equations agree in form with those derived elsewhere.lo’ 14,15,

18,20, 23,30 The equations account for both the wave amplitudes
and the phase mismatch as well as the interaction of the waves with
the fundamental Fourier component of the dielectric periodicity.
When § = 0, the waves F(z) and B(z) are coupled only through the
perturbation 1 while the change in amplitude of one wave is propor-

tional to the amplitude of the other wave. For zero perturbation,

the wavenumber of F(z) and B(z) becomes equal to the phase mismatch.

2. Coupled Waves Dispersion Relation

By differentiating the coupled waves equations, a wave equation

2
2 2 F
Lz 050 ] - 0 2. 514
. . . +iABz . .
is constructed. Assuming a solution of the form e , the dispersion

relation is found to be

g = A e%- 2 (2. B15)

The approximations for 6 and y are

[MC

1
5 = k.ez-ﬁo = Ak e (2. B16)

X = XIk:k n K/8 (2.B17)
o

1
when AB << K and where k_ €2/K =+ and B, = K/2.

This produces the dispersion relation
2

1
> 2

The following properties are evident for real ¢ and 7.


































































































































































































































































































































































































































































































































