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SECTION 1. INTRODUCTION

There has been continued interest in distributed feedback (DFB)
lasers since the pioneering work of Kogelnik and Shank [1,2] in 1971-72.
Their work described the threshold characteristics of transversely un-
bounded periodic media at the first Bragg order or resonance (i.e., the
case N=1 in Bragg's Law A = 2A/N where X\ is the wavelength of the propa-
gating wave and A is the fundapental spatial period of the structure).
Since then there has been much additional work at the first Bragg order
[3-5], including the case of transversely bounded DFB lasers [6]. In
1972 Bjorkholm and Shank [7] experimentally demonstrated the first higher-
order DFB laser (i.e., N > 2) with output at the second and third Bragg
resonances. Recently there has been additional experimental work at the

second Bragg order [8] and interest in multiply-resonant DFB lasers [9].

It is the purpose of this paper to use the extended coupled waves
(ECW) theory [10] to find explicit values for the coupling coefficient
and the phase mismatch at the first three Bragg resonances for several
periodicity profiles. These results are displayed in the form of disper-
sion diagrams. The expressions for coupling and phase mismatch can then
be used in the threshold expressions of Kogelnik and Shank [1]. Explicit
results are found for the threshold gain, the mode spectra and the criti-
cal Tength for oscillation of the lowest-order longitudinal mode at all
Bragg resonances for both index and gain coupling. Several plots are
given to show how threshold gain varies with Bragg order N for singly-
periodic media and how the threshold gain varies for different multiply-

periodic structures at the second Bragg order. The cases of sinusoidal,




i

Fi(z) - 8y Fy(2) = ixy By(2)
(3)

y(2) - 8, B](z) = ix& F](Z)

. [‘ xy for cosinusoidal perturbations
where XNM =4

v tixy for sinusoidal perturbations
and where the primes denote differentiation with respect to the longi-
tudinal coordinate z. The coupling coefficient XN is a measure of
the field exchange per unit length between the waves F](z) and

B](z). The phase mismatch &, represents the phase shift per unit

N
length from the resonance condition where maximum coupling occurs. Ex-

plicitly, the values of GN and Xy can be found for singly-periodic

media [10].
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B = NK/2 = ke /2
0

Mgy = B - By

My =k -k

At the first Bragg resonance, the above equations reduce to well-known
results [1,11]. The bandgap shift is the value of skye!/2/K  where
8y/K = 0. From Equation (4) it can be shown that this value is propor-
tional to nz. Note that the coupling is proportional to nN.

For the periodicity profiles under consideration, the Fourier

components fp are

1/p p odd
square-wave f = J (6)
0 p even

(_])(p_])/z
{:———-jr—-~ p odd

w0 p even

triangular-wave fp

sawtooth f o= T p odd,even (8)

where the appropriate cosine or sine series is used in the expression
for the dielectric constant (1) and where fy, = 1 is the normalization
for all profiles.

At the first Bragg resonance, the nf] term makes the major con-
tribution to both the coupling and the phase mismatch for all periodicity
profiles. Hence, 6, and Xy are identical to the usual value found for

singly-periodic media in (4) and (5). The expressions for Sn and Xy are
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shown in Tables 1 and 2 for the cases N = 1,2,3. The explicit calcula-
tions are given in Reference 12 and follow the method of calculation
demonstrated in Reference 10. Two things should be noted. First, the
phase mismatch is mostly dependent upon the largest Fourier component,
hence the bandgap shift depends upon (nf])2 and is approximately equal
for all the periodicity profiles considered at a given Bragg order.
Second, the major contribution to the coupling coefficient at the Nth
Bragg resonance is due to the term an if an # 0 . Therefore, the
value of XN is significantly smaller when fN does not exist (e.g., with
sinusoidal, square- and triangular-wave profiles when N = 2) than when it
does exist (e.g., sawtooth profile when N=2). To exemplify the results
of the above calculations, the dispersion diagram which relates the free-
space wave number k to the longitudinal wave number B is plotted in

Figure 1. The dispersion relation is

Asﬁ = éf, - xﬁ (9)

1(BO+ ABN)Z

e'BZ = ¢ . Figure 1 displays the

for waves that propagate as
effects of four different periodicity profiles on the dispersion diagram
at the second Bragg resonance for the case nf]= 0.05. The normalized coupl-
ing Xp/K s equivalent to the maximum value of Im{ABZ/K} . The sawtooth
profile, which has a finite Fourier component f2, has a larger coupling
coefficient than do the other examples which have coupling coefficients
O(nf]) smaller. For typical values of perturbation, such as

1 10'2-10'5, the differences would be greatly magnified. A1l bandgaps

nf
are approximately centered at the same frequency since the phase mismatch

for all four profiles is similar. In the dispersion diagrams
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Table 1 - Normalized phase mismatch GN/K for several periodicity

profiles at the first three Bragg orders
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Table 2 - Normalized coupling coefficient XN/K for several periodicity

profiles at the first three Bragg orders.
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Figure 1. Dispersion diagram at the second Bragg order for several

periodicity profiles. The strength of the fundamental Fourier
component is nf] = 0.5 for each profile. Only the sawtooth profile
has a Fourier component nfz which causes the relatively large band-
gap and coupling. The imaginary values of the longitudinal wave
number are given by the elliptical portions of the plot and the sep-

arate scale. The medium is lossless (Ei/er = 0).
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the bandgap shift is demonstrated by the fact that the center of the

1/2

bandgap is not located at the value Ake '"/K = 0. Note that upward

2>O) and downward band-

bandgap shifts occur for index coupling (i.e., n
gap shifts occur for gain coupling (i.e., n2 <0). We note that at the
third Bragg order and at all other odd orders (not shown) the dispersion
diagram would contain similar curves for the square-wave, triangular-
wave and sawtooth profiles. However, the sinusoidal profile produces

coupling coefficients and bandgap sizes that are O(ﬂf])N-]

smaller. Hence,
the curve for the sinusoidal profile would differ considerably from the
other three curves. That is, the bandgap and the coupling coefficient
would be relatively small. Similar results occur if the gain is modu-
lated. However, in this case the bandgaps would be inverted (i.e., have

imaginary values of Ake]/2

/K) at all odd Bragg orders. This can be seen
from expressions (4), (5) and (9). Gain modulation at even Bragg orders
produces dispersion diagrams that are similar to the index modulation
case except for the previously mentioned change in the sign of the band-
gap shift. The nature of the occurrence of inverting or non-inverting
bandgaps is a result of the sign of the term nN in Equation (4) for

XN/K. This in turn depends upon the oddness or evenness of N and the

type of coupling (i.e., n = n. or n= ini)-

SECTION 3.  DFB THRESHOLD GAIN AND MODE SPECTRA

The previous values for the phase mismatch and the coupling co-
efficient can be used directly in the results of Kogelnik and Shank [1]
for DFB threshold gain and longitudinal mode spectra. One condition

must be fulfilled, however. The dominant coupling must come from the




periodicity and not from the boundaries in order that the ECW equations

remain valid [12]. Therefore, the periodic media must be many cycles

in length. Explicitly this condition is given as

1

Ke >> (Z/H)N- (10)

where £ is the length of the structure. In practical cases, the above
length restriction can be relaxed if the periodicity amplitude is tapered
at the ends of the structure. This reduces the boundary coupling. A
similar boundary effect has been noted in quantum mechanical scattering
[13].

Following the work of Kogelnik and Shank, we find the exact
threshold condition when the boundary conditions are applied to the ECW

equations

DN - 16N eZDNQ - (1)
D, + 16N

N

where DN = (xs - 65)]/2. We define the quantities AN and GN by the
equation
6N = by - 1GN

where Ay is proportional to the bandgap shift and GN is proportional to

the gain. Note the approximate equality

GN2 = -kcl/zl[ei/(Zer)]

which holds for small perturbations and singly periodic media. The high-
and lTow-gain approximations hold when In/ZIN << le;/e | or

|n/2]N > {gj/zrl , respectively, for the first few Bragg orders.
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The high-gain case gives a threshold gain approximation of

ZGNQ

2 2y _ *
4(GN + AN) = Xy Xy © (12)

for the normalized gain GN (where the asterisk denotes complex conju-

gate) and a longitudinal mode spectrum

tan'](AN/GN) - AR = (m+-]/2)%-+phase(xN)

N
(m=0,1,22,---) (13)

for the normalized frequency AN‘ Figure 2 shows a sketch of the higher
Bragg order (N > 2) mode spectrum for the first few longitudinal modes

for the case of index coupling (n = nr) and the case of gain coupling

(n = ini). For index coupling (Figure 2a), the gain symmetrically

pushes the modes out from the usual two mirror cavity case (shown by the
dashed lines). However, the bandgap shift produces an asymmetry with
respect to exact Bragg resonance and shifts the entire spectrum toward
higher frequencies. Figure 2b,c shows the spectrum for gain coupling at
odd and even Bragg orders, respectively. For odd Bragg orders, oscilla-
tion is possible near Bragg resonance, but the bandgap shift prevents
oscillation exactly at Bragg resonance Akel/z/K = 0 . Even-order gain
coupling is similar to even-order index coupling except for the sign of
the bandgap shift. Hence, the mode spectrum for higher Bragg orders is
not symmetric. This is different from the symmetric first-order case [1].
This asymmetry is not surprising since the bandgap shift is positive for
index coupling and negative for gain coupling whenever N > 2. One should

note that a small asymmetry occurs even in the first-order case. However,
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Figure 2. Sketch of the mode spectrum from higher-order DFB lasers for:
(a) index coupling (N=2,3,4,-..); (b) gain coupling (N=3,5,7,---);
(c) gain coupling (N=2,4,6,---) in the high-gain regime. Note the

asymmetries produced by the bandgap shift.
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Figure 2. Sketch of the mode spectrum from higher-order DFB lasers for:

(a) index coupling (N=2,3,4,---); (b) gain coupling (N=3,5,7,---);
(¢) gain coupling (N=2,4,6,---) in the high-gain regime. Note the

asymmetries produced by the bandgap shift.
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the finite bandgap shift which causes the asymmetry is found from the

exact Floquet analysis and not from the coupled waves analysis [12].

In the low-gain approximation, only the lowest-order longitudinal
mode characteristics are given. For index coupling, the lowest-order
(m=1) longitudinal mode frequency or wave number is given by

Aﬁ - XS - 6/8% —> 0 (14)
. Kgooo

Thus, oscillation occurs at the bandgap edges given by AN = ixN for

long structures. The threshold gain for this longitudinal mode is given

by
3 3
= 5
W T R 2 (15)
NXN XN
This relation can be alternatively written as
i/e = 1920 (n/2) 7 (nke) 37 (16)

for singly periodic media at the first few Bragg resonances. It can be
shown that this result also holds for even-order gain coupling. Note
that positive average gain (i.e., e./e, <0 or Gt > 0) is needed for

N
oscillation.

In the low-gain approximation for odd-order gain coupling, the
oscillation of the lowest-order {m=0) longitudinal mode takes place at

the bandgap center
Ly = 0 (17)

with the threshold gain condition
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2, 2 3
xy * Gy = -6/ le7) g O (18)

This can be further approximated for singly periodic media by

E]/Cr = ln/ZIN (19)

for long structures operating at the first few Bragg resonances.

Since the threshold gain is negative for odd-order gain coupling (i.e.,
Ei/ar >0 or GNQ < 0), one can find the critical length QC which is
necessary for the start of oscillation from the condition G, = 0 . This

N
quantity is given by

1/2

IXNI QC =3 (20)

and is similar to previous results for the first-order case [1]. Oscil-
lation occurs whenever the structure length £ satisfies the condition
0 3_£C .

In Figure 3 the threshold gain of the lowest-order longitudinal
mode is shown as a function of normalized length. The plots are shown
for the case of index coupling at the first four Bragg orders when nrf]:

1072, Note that for 0 < nrkgl/z

2/4 < 5, all the curves are in the
high-gain region for N > 2. Although the coupling varies as nN from
Equation (4), the threshold gain only varies appfoximate]y as Nn in the
high-gain region. Hence, the operation of higher-order DFB lasers re-
quires only a gain increase O(N) over the first-order case. However,
the high-gain region implies "under-coupling" with the result that the

spatial distribution of intensity has large maxima at the ends of the

periodic structure [1]. [f it is desirable to operate in the region
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Xt o= 1 so that a more uniform intensity distribution occurs, it is
necessary to increase the normalized length K2 by a factor (n/Z)]"N
over that of the first order case. This may be difficult unless the
perturbation is realtively large. The low-gain regime which typically
occurs for GL < 0.5 (not shown for N>2) demonstrates a different be-
havior from the high-gain case. As shown by (16), the threshold gain
)ZN

is proportional to (n/2 in the low-gain case. Thus, the gain re-

quirements are increased by,a factor of (n/2)2 with each increase in
Bragg order for singly-periodic media. Although the threshold gain

is small, it varies significantly with Bragg order unlike the high-gain
case.

The threshold characteristics for gain coupling are identical to
the index coupling characteristics at even Bragg orders and, in the
high-gain approximation, at odd Bragg orders. Figure 4 shows the vari-
ation of the threshold gain as a function of normalized Tength. Plots
are given at the first four Bragg orders for singly-periodic gain coupled
media when nifl = ]0‘2. As before, only the lowest-order longi-
tudinal mode characteristics are shown. As expected, for odd Braag
orders, the threshold gain becomes zero at the value 2 = EC and
negative for larger lengths. Thus, in the region close to zero thresh-
old gain, the threshold gain curves for odd and even orders intersect
near the values of e given by (20). This is shown in Figure 4 near the
value nik61/22/4 = 5 X 104 for the cases N = 2,3. The fact that the
average gain is negative does not mean that no gain is present in the

structure. The oscillation or threshold gain condition is only satisfied

when there are portions of the structure with gain. Zero threshold gain
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Figure 4. Threshold gain as a function of normalized length and Bragg
order for singly-periodic media with gain coupling and nf] = 110'2 For

odd Bragg orders negative threshold gain is possible.
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implies that the structure alternately has regions of gain and loss.
It occurs when ¢ = e o

It is interesting to note that these results concerning thresh-
old gain values in the low-gain approximation are identical to the
results of the infinite medium case where stability criteria determine
the threshold characteristics [14]. It should also be noted that in
the case of even-order coupling, the threshold gain can be reduced by
using a combination of both index and gain coupling in the low-gain
regime. The threshold gain that results from using both coupling types
is smaller than the value that would be obtained by using a single type
of coupling [12]. However, in the case of odd-order coupling, the
threshold gain cannot be reduced below the value obtained by gain coupl-
ing. The mixed coupling case results (not shown) can be derived from an
appropriate expansion of Equation (11).

As a final example, consider the threshold gain characteristics
for several periodicity profiles as shown in Fiqure 5. We consider the
case of index coupling and nf] = 10-2 at the second Bragg order. The
sawtooth wave has a Fourier component f, and hence has threshold charac-
teristics that are similar to the first order case shown in Figure 3.
However, the sinusoidal, trangular-wave and square-wave profiles have
only odd-order Fourier components, and hence the threshold gain charac-
teristics are similar to the second Bragg order threshold gain of Figure
3. Figure 5 is typical of all even Bragg order threshold gains for these
profiles. All odd Bragg order threshold gains will be somewhat similar

to the N = 1 curve of Figure 3. As noted previously, large differences
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Figure 5. Threshold gain as a function of normalized length and period-

icity profile at the second Bragg order with index coupling and

2

nf, = 10°°. Note the lowered threshold of the sawtooth profile due to

1

a finite Fourier component nfz. (Compare to Figure 1).
















