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ABSTRACT

The problem of electromagnetic wave propagation in almost periodic
média is investigated and a solution is obtained directly from Maxwell's
equations. The evaluation of this solution involves a generalization to
almost periodic media of the Brillouin diagram of periodic media. The
Brillouin diagram is used to place in evidence similarities and differ-
ences of wave propagation in periodic and almost periodic media. It is
shown that although the periodic and almost periodic theories agree in
many cases of interest there exist cases in which distinct differences

appear.
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Electromagnetic Wave Propagation in Almost Periodic Media

I. INTRODUCTION

In this paper it is our purpose to integrate the abstract theory of
almost periodic functions with electromagnetic wave propagation theory.
present a theory of wave propagation in almost periodic media and compare
the electromagnetic propertie; of these media with those of the better
understood periodic media. This study is motivated by a desire to find a
deterministic model medium which takes into account the practical limita-
tions on the perfect phase coherence of periodic models. As will be shown,
the electromagnetic response of almost periodic structures is invariant
under phasing of the amplitudes of the structure's constituent frequency
components, and therefore these structures are natural candidates for the
desired models.

[t was in 1923 that Harold Bohr found the almost periodic general-
jzation of Fourier series [1,2]. Subsequent work by Rohr [3-51 led
Besicovitch [61, Bochner [7] and Favard [81 to various simplifications
of the theory soon after its inception. 1In 1926 and 1027 Favard extended
the theory by considering the case of linear differential equations with
almost periodic coefficients [92,107. Followina the initial work in the
1920's and 1930's, interest in the theory of almost periodic functions
was dormant until problems in stability theory renewed work in this
subject during the 1960's [111. BRooks Lty Bohr [121, PResicovitch [13]
and Yiener [141 provide readily available introductions to the subject.

An extensive bibiographv is given in the lecture notes by Fink [15].
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According to Bohr, an almost periodic function is one which can be
resolved into "pure vibrations" [12]. This implies that the spectrum of
an almost periodic function is composed of discrete lines, or equivalently,
that an almost periodic function f(z) can be defined by the relation

f(z) = ] a, exp(ic,2) (1)
M

vihere the KM'S are real and the harmonic strenqths aM are complex. Ffor

the case when all KM'S are commensuratle, f({z) becomes a periodic function.

The functions plotted in Figure 1 a,b exhibit the characteristics of
periodic and almost periodic functions, respectively. Fach function f(z)

is composed of three "pure vibrations" or "tones," namely

fP(z) = cos[mz] + cos[3nz1 + cos[5nz] - (2)

f(z)
in Fiaure 1 a and

fap(2) = coslmz] + cos[3(1.7)nz/3 ]

(]

f(z)

+ cos[(5)3%wz/1.7] (3)

in Figure 1 b. The functions are of similar form. However, the difference

between the periodic and almost periodic case is immediately apparent from

the plots.

Almost periodic functions arise in a variety of situations. For
example, amplitude and frequency modulated signals are represented as
almost periodic functions. Many man-made structures that are presumed
periodic are actually almost periodic due to phase or amplitude varia-
tions. Naturally occurring almost periodic structures such as disordered
crystal lattices can be described by the theory presented here or its

extension.
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A comparison of a periodic function (a) f(z) = f_(z) with an
almost periodic function (b) f(z) = fa (z) where f (z) = cos[nz]
+ cos[3nz] + cos[5mz] and fAP(z) = cos[nz] + cos[3(1 7)nz/3 2]+
cos [(5)3%z/1. 7].




In section II we set up the problem under consideration. A method
of solution is proposed and carried out. Brillouin or dispersion diagrams
are employed to implement the solution in section III. The last section
contains comments concerning the distinctions between electromagnetic wave

propagation in periodic and almost periodic media.
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I1. PROBLEM STATEMENT AND SOLUTION

As an archetypical problenm, consider the propagation of electro-
magnetic waves in a longitudinally almost periodic medium as shown in
Figure 2. The transverse components iy of the electric field satisfy the
Helmholtz equation which, in this case, becomes the almost periodic
Mathieu equation

. 2
Gy + ez lula) = 0 (4)
VA ’

where the free space wavenumber is k and the dielectric permittivity e(z)

is given by the periodic or almost periodic function
P . .

Kz -1 iK_yz

e(z) =e| ) ne +1 e (
ey M M=-p

c
~—

*
For real dielectric permittivity Ny = N_me where the asterisk denotes

complex conjugation. For periodic media, the spatial frequencies KM
satisfy the relation Ky = Mc (M = integer) whereas for almost periodic
media the ratio Ki/Kj is an irrational number for at least one pair of
indices 1,j (i#j). For simplification, one assumes that the relative
dielectric constant €. and the perturbation parameters ny are real.
The generalization to complex numbers is straightforward and can be
carried out as in the periodic case [18,19].

Applying the Fourier transform to equations (4) and (5) one obtains

sz

29 _

Vul) - S Ty b (v + ) = 0 (6)
M
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Figure 2.
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Geometry of plane wave in almost periodic dielectric medium.
The transverse component of the electric field (say in the
éx direction) is given by wéx. The wave vector k is along
the éz direction. The permittivity e(z) is proportional to
a sum of exponentials of various spatial frequencies Ky
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where vy is the transform variable and the circumflex denotes the Fcurier
transform. This process transforms the original second order differential
equation (4) into a non-local algebraic equation (6). The non-local alge-
braic equation can be reduced to an infinite set of local alaebraic equations

by assuming a solution to (6) of the form

wiy) = ) ) ay M, ...Mpf(y+M]K]+M2K2+...MPKP) (7)
M_]::-oo MZZ—m Mpz_oo ]
For concreteness, assume that the dielectric permittivity is composed

of two "pure vibrations" or "tones", namelyv

D = 2
Ny =N
M T N2
ng = 1

Substituting (8) in ansatz (7), one sees the solution to (6) can be written as

) BV Fyc) periodic
P(y) =1 M (9)
\% aMNf(Y+MK]+NKq) almost periodic
’ . r\l o

In configuration space this solution becomes

¥ ay expl[i(Mc )1f(2) periodic
M
¥(z) = (10)
a,,, expli(Mc z+Nc,z)1f(z) almost periodic
MN 1 2
M,N




co

Note that equation (8a) represents the Floquet solution for periodic
media as expected. We assert that (8b) gives the necessary generaliza-
tion for the almost periodic case. The proposed solution (10) agrees
in form with that found by Abel [16,17] who employed a different method
in his derivation.

The function f(z) given in (10) is now taken to be

f(z) = exp(ip), (11)

B being the wavenumber in the medium. Py combininag (10) and (11) and

substituting into (4), one finds that for an almost periodic

medium (i.e. K1 and «, incommensurable)

2 .2

) - N 24
[k €y (8+HK].NK2) Jayy +

eplny{ap g itamey )

tp(ay yor*ay w1y = 9
MN = (...-2,-1,0,1,2,...)

This is the infinite set of local algebraic equations mentioned
previously(7).Since the space harmonics Ay form a countable set, they can
always be mapped into a one-dimensional vector to obtain (12) in the familiar

form

D-a=0 (13)

where D is a matrix and a a column vector of the space harmonics. Clearly,

the wavenumber B must satisfy the dispersion relation

det N = 0 (14)




By backsubstituting B into D the a's can be obtained as a one-parameter family.

The entire process is analogous to the periodic case vwhere D = D _ and

-0
a© aiven by [21] ) _
fi D, f % .
[ J
f, £, D £, e
D, = o fH B f
s 2 fH N f T
[ )
| . f, D, f (15)
2,.2 ’
vhere DN =1 - (BHNk)“/k £,
fN = nN/2
and a_ = [...a 53 7,3 _,3,4 ]T (16)
A LS LIV A

where T denotes the matrix transpose.

fe now define a plane to line mapping which will enable us to define
the matrix QAP and the corresponding column vector app- The basic scheme is
illustrated in Figure 3. P orid is drawn with the qrid points labeled by
their integer coordinates (i,j). The boxes are formed by lines passing through
points equidistant from the origin (0,0) in the sense that the distance from

point 1 to point 2 is defined by
dyp = Ii] - 12! + lj1 - j2| (17)

The boxes are labeled according to the order in which they would be traversed
outward from the oriqin, analogously to the Tabeling of Brillouin zones in

a plane [23] as shown in Fiqure 3a. The points on or within the i box




(a) (b)
33 32 3:|/3, 31 32303
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Figure 3. Scheme for plane to line mapping. (a) The grid points (i,j)
are connacted by boxes which denote the order of the theory
starting with the smallest _ox around the origin. (b) The
ordering of the grid points necessary to complete the mapping.
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are denoted ith order points and will be used to construct an ith order
theory. The points to the right of the origin are defined to include
those points directly below the oriqin and the points to the left of the
origin to include those points that lie directly above the origin. To
specify a given order mapping, it remains onlv #0 specify the order in
which the points to the right and the points to the left must be taken.
This is illustrated in Fiaure 3b for the second order mapping. The general
rule for points to the riaht (for a given order 2N) is to beqin directly

h

below the origin on the surface of the ZNt box, follow the box around to

the last point on the right, drop directly below to the (2N—1)th hox,
follow it around to the last point on the right and jump above to the
(2N-2)th box, continuing the procedure to the oriqin. 0ndd order mappings
and points to the left are mapped analoqously.

Employing this mapping we find

.D -
01 f,
Dot
p{1) = |¢ £ e g (18)
=AP 2 1 00 1 2 -
fi Dy
f n
2 0-1
- d
where D,,, = 1 - (R+Mc,+Nk )2/k2
NM 172 €p
Fy = ny/2
(]) = T
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for the first order mappina indicated by the superscript. 0Our investiqgations

will be centered exclusively on this first order theory. The second order

quantities are aiven elsewhere [20]. We note that for the first order

theory, Qgg) is a 5 x 5 matrix whereas for the second order theory Q‘Z) has
= —AP
ballooned to a 13 x 13 matrix. In qeneral, the order of Qﬁp, denoted by
O(DAP)’ is given for the Nth order theory by
C0.) =1+ 2 N(MHD) (21)

’

One can observe the relative sparseness of the almost periodic matrix QAP

with respect to its periodic counter part. For example, using two tones

and first order theory we find in the periodic case.

b, f f
" f Dy f
1
LR F D f. f (22)
5 2 1 o 0 2
fa f Dy f
| fafy D ]
and
1 T
gé ) - EPPEIFCICIRPLIPY (23)

It is immediately apparent that the periodic matrix D, is a fuller matrix

than EAP.

the coupling scheme of periodic and almost periodic cases.

The physical content of this fact can be found by considerina

By comparing matrix (19) with (22) one notes that in the first order

theory, coupling between space harmonics can only occur through the Doo



element of the matrix or the 35y Ccomponent of the column vector for almost

periodic media whereas in the periodic case the couplina can occur in a
variety of ways. This difference in couplina schemes is most easily seen

by comparina Figure 4 with Fiaure 5. The first of these fiqures represents
coupling in the periodic case which has been described by equations (22)

and (23). The double arrowed line shows the allowable direct couplinas
between various space harmonics. The second of these fiaures represents
coupling in the alrost periodic case which has been described by equations (19)
and (20). We conclude from a cémparison of Fioures 4 and 5 or matrices (22)
and (17) that the periodic medium leads to a richer coupling scheme in the
first order theory. The same observation holds for higher order theories.
In the almost periodic case, the various perturbations act almost inde-

pendently in contradistinction to the periodic case. This latter point

will be examined further in the next section.
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Coupling scheme of the first order space harmonics for the
case of a periodic medium composed of two tones.

Figure 4.
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Figure 5. Coupling scheme of the first order space harmonics for the

case of an almost periodic medium composed of two tones.
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I11. BRILLOUIN DIAGRAMS

In this section we will use Brillouin diagrams to manifest the
properties of almost periodic media. In particular, the frequencies and
relative coupling strengths of interactions between different space har-
monics will be demonstrated. The utility of this approach is that the
Brillouin diagram produces a rule-of-thumb pictorial device which not only
indicates important coupling effects but also gives us an expectation for
results of physical measurements such as the reflection coefficient. It
is in this physically motivated spirit that we proceed.

Using the ordering presented in the previous section, we find the
Brillouin diagram for an almost periodic medium composed of two tones
Ky and Ky as the perturbations ™ and Ny approach zero. The result is
given in Figure 6 which includes all space harmonics necessary for the
first and second order theories.

From the dispersion relation (14) and the matrix (18) the poly-

nomial in 82 representing the dispersion relation is given by

D 12 D

D - |f

0-1 P-10 Poo P10 o 117 Doy Doy (Dyg*Dyq)

2

- |f,1° D ) =0 (23)

21" Dy Dqp (Dgy*Dgy

for the first order theory.
A comparison of periodic and almost period media with two widely
spaced tones is plotted in the Brillouin diagrams of Figures 7 and 8.

The test medium for these figures has a dielectric permittivity

e(z) = €. [1 + njcos kyz + nycos «,z] (28)
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Figure 6. Second order Brillouin (dispersion) diagram for an almost

periodic medium composed of two closely spaced tones as the

perturbation approaches zero. The tones are characterized by
the spatial frequencies Ky and Ko and perturbation strengths

n and Mo+ The free space waye number (i.e,, normalized fre-
quency) is given by k, the wave number in the medium by B and
the average relative dielectric constant by € The arrows
show the direct couplings between sets of space harmonics which

can occur.
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A plot of the Brillouin diagram for the periodic medium
described by e(z) = Er[] + 0.5 cos (K]Z) + 0.5 COS(KZZ)]
where Ky = 1.0 and Ky = 1.5. The solid line represents values
of Re{B}. The symbol K is defined by K = ke‘,‘;5 on this graph.

0.0

The scale of Im{B} is given by the relation Im{8H yax= 0-2.
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Figure 8. A plot of the Brillouin diagram for the almost periodic medium
described by e(z) = er{l + 0.5 COS(K]Z) + 0.5 COS[(K2+5)Z]}
where ST 1.0, Ky = 1.5, 8§ is irrational and 6 -~ 0. The
values of Re{B} and Im{B} are given in parts (a) and (b)
respectively. The symbol K is defined by K = ke:rl/2 on the
graph. Various roots of the equation have various values
for Im{B}. The scale of the three imaginary parts can be
found from the relation Im{B}IMAX = 0.25. The non-zero
value of Im{g} for K > 1.9 is an artifact due to the trunca-

tion of the first order theory.


































