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Abstract

A method is presented for calculating complex eigenmodes of propagation
in plane-layered structures composed of homogeneous, isotropic materials
having arbitrary complex dielectric properties. The formulation is com-
pletely general, permitting any number of guiding and non-guiding layers,
with loss or gain each layer. All modes having complex propagation con-
stants and field distributions can be calculated with equal ease. These
include modes having gain or attenuation in the direction of propagation,
and having bounded or unbounded, leaky, or radiative properties in the
transverse direction. A 2xX2 vector-matrix representation for the differ-
ential equations, field solutions, and boundary conditions is used, which
permits a simple constructive definition for the characteristic equation
regardless of the complexity of any particular structure. A general complex
root-searching algorithm is used to calculate the mode eigenvalues, and
several novel features greatly improve the efficiency of the search. Field
distributions and power density across the structure may be efficiently
calculated using the same 2x2 matrix multiplications. A FORTRAN program
has been written to implement the calculations, and a listing is included.

The program has proved to be highly efficient and accurate.
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1. INTRODUCTION

1.1 Summarv

This report describes an analytic formulation and computer program for
the calculation of complex modes of electromagnetic wave propagation in
plane-layered dielectric structures. Emphasis throughout is on complete
generallty: structures of any number of layers, any complex material
parameters, and any types of proper or improper modes of the discrete or
continuous spectrum are allowed. An effort was also made to achieve
efficient and accurate numerical calculations.

The structures of interest are composed of any number of plane layers,
having plecewise constant, homogeneous, but isotropic, dielectric material
properties. The dielectric permittivities in the different layers may be
arbitrarily complex, with positive or negative imaginary part representing
absorption loss or active gain. The real part may also be negative, repre-
senting metal or isotropic plasma layers. In directions parallel to the
planes the structures are assumed to be uniform in all parameters. Such
systems of layers are generally viewed as open waveguiding structures.
There are two open semi-infinite outer dielectric layers, so that radiation
can occur in the transverse direction, normal to the planes. Usually some
of the inner layers will have the highest permittivity (index of refraction),
and a finite number of truly bound and gulided modes will exist. But the
method is not limited to such cases. And it is not necessary to make any a
priori assumptions about which layers are guiding layers, or which layers
have large or small, real or complex permittivity. The special case of
constant surface-impedance boundaries, including metals, in place of the

outer semi-infinite layers is easily included.
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Modes of propagation parallel to the planes are characterized by a
normalized propagation coefficient, B; which is common to all layers, and is
allowed to be arbitrarily complex. The imaginary part, positive or negative,
represents the rate of attenuation or gain of the mode in the direction of
propagation. Such complex modes may arise whenever any of the material
parameters are complex-valued or when there is radiation loss into the semi-
infinite layers.

Emphasis is on discrete modes of propagation, which are solutions of a
homogeneous, two-point, eigenvalue problem in the transverse dimension.
These arise when restrictive homogeneous boundary conditions are imposed at
the outer boundaries of the structure. The discrete complex values of 8 for
these modes are roots of a transcendental eigenvalue (characteristic) equa-
tion. A central part of the problem is the formulation of the character-
istic function, and the numerical calculation of its roots.

The discrete modes include those which are proper, bound, modes having
gquare integrable field distributions across the structure. This necessari-
ly implies an outward exponential decay for the fields in the semi-infinite
layers. Other discrete modes include the well known leaky modes, which are
improper, or not square integrable across the guide. But for small imagi-
nary part for B these modes may have some physical interpretation, and can
provide excellent approximate solutions to some field problems. Other
discrete modes also exist as mathematical roots of the same characteristic
equation, but do not necessarily have a physical interpretation. All these
modes are solutions of the same mathematical problem, and the improper modes
are no more difficult to solve for than the proper modes.

The objective of this work was to obtain a method for calculating these

discrete modes in very general structures with any number of layers. And it



was also the objective to be able to calculate leaky modes in particular,
and the improper modes in general, in addition to the proper modes. The
capability to include complex materlal parameters was not initially an
obiective, but it could be provided with little difficulty.

The primary motivation for the work arose in the context of integrated
optics. There was a need to calculate the modes of propagation in planar
optical guiding structures; but the structures of interest were composed of
more than a few layers, including, for example, two dissimilar guiding
layers separated by more than one intermediate layer. And there was a need
to calculate leaky modes in such structures. There has also been an in-
creasing recognition of the usefulness and importance of including leaky
modes in the expansion of field distributions in general dielectric guides.

Motivation for including complex material parameters arises in guiding
structures which include metal layers, or lossy dielectrics such as semi-
conductor materials where free carrier absorption can often be significant.
Also, a complex permittivity with negative imaginary part can describe the
recombination gain in the active layers of semiconductor lasers, and the
popular double heterostructure (DH) GaAlAs lasers are inherently multilayer
structures. For the design of such DH lasers it is highly desirable to have
the capability to calculate complex propagating modes in the presence of

both loss and gain in different layers.

Previou
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formulations and methods for calculating modes in layered
structures are reviewed. Tor structures of only a few layers methods have
frequently been published, but these cannot be extended to more layers. A
few methods exist which are valid for many layers, such as the well known
transverse resonance method. However, the characteristic functions for

these methods are shown to have undesirable analytic properties, which can



make them very inefficient or unusable with numerical complex root searching
routines. These characteristic functions have extraneous zeros or poles,
and for the transverse resonance method aniinfinite number of movable poles
are interspersed among the zeros. Most general methods do not describe an
efficient method for calculating the field distributions once the mode
propagations constants are known.

The field problem is here formulated directly in terms of the actual
E and H field components throughout the structure, with emphasis on the
tangential fields at the boundaries. Maxwell's curl equations reduce to
coupled first-order differential equaticns in the two tangential field
components. Solutions to these equations are easily stated in vector-
matrix form, without the need for reference to a wave equation or any need
for transverse wavelike solutions in the inner layers.

Normalized variables are used throughout to control the order of
magnitude of the field quantities and other parameters to be programmed.

All material parameters and modal propagation constants are normalized to
those of free space. Field variables are normalized so that, by duality,

the same variables serve for either TE or TM polarizations. When programmed,
the one formulation may be used equally well for calculations of both polar-
ization.

The field solutions for any value of B, for a discrete mode or not, are
given in terms of a 2x2 vector-matrix representation. This representation
is most commonly encountered in the analysis of optical multilayer filters,
where propagation is normal to the layers. The formulation remains com-
pletely valid for propagation parallel to the layers, but all quantities

must be allowed to become complex. The tangential fields at any two planes



in the structure are related by a matrix transformation. By chain matrix
multiplication across the structure the field solutions are defined and
easily calculated everywhere in the structure.

Boundary matching conditions at all the material boundaries are satis-
fied at the outset. This is possible because the tangential fields, which
are required to be continuous at the boundaries, are in fact the primary
dependent variables. In particular, a transformation matrix exists for each
layer, depending only on the parameters of that layer. The satisfaction of
the interior boundary matching conditions may be considered to be a part of
the definition of the differential equation throughout the structure, or to
be a part of the construction of the solutions. They need not be considered
a part of the definition of the characteristic function, which arises only
with the imposition of the outer boundary conditions.

The boundary conditions at the outer boundaries are distinct from the
matching conditions at the material discontinuities; they resemble the
radiation condition at infinity, but for the fully complex case and for
improper modes they do not have the same physical interpretation. These
boundary conditions, the definition of the transverse propagation constants
Kl and Ky in the semi-infinite layers, and the classification of the modes,
are all intimately related.

Classification of modes following the conventions of surface waves is
reviewed. But in the present case the classification must be made in the
two semi-infinite layers simultaneously. The classification is described
in terms of the regions of the complex K1 and 3¢ planes. These necessarily

have an additional branch point and branch cut not encountered when there

is a single semi-infinite layer over a surface wave structure.



Principal branch specifications for k., and k in their respective

1 N’
complex planes, are an important part of the statement of the outer
boundary conditions, and of the eigenvalue problem in general. A non-
conventional and completely arbitrary branch specification is used, which
greatly improves the efficiency of root searching for the discrete modes.
Proper and improper modes are not distinguished by their location on a

principal or secondary branch for k. and Ky» OF Riemann sheets for B.

1
Rather, by choice of orientation of branch boundaries and cuts, both proper
and improper modes can exist on the same sheet. As a result, the root
search for improper modes is no more difficult than for proper modes.

Also, there is little difficulty in calculating modes which are "near
cut-off", having roots located near to branch cuts associated with the con-
ventional branch specifications.

The phase integral, of the transverse propagation comstant k, across
all the inner layers of the structure, is used in ordering the discrete
modes and for assigning a mode index to each.

Several special cases of modes are easily included in the formulation.
Field distributions for modes of the continuous spectrum can be calculated
for specified values of B without the need for a root search. But it is
emphasized that these are not solutions of the transverse eigenvalue pro-
blem for the discrete spectrum of modes. The boundary conditions are
different. Allowance for complex material parameters requires some general-
ization of the description of the continuous spectrum beyond that usually
given for the simple three-layer case and for lossless media. The spectrum
of plane waves in the semi-infinite layer is also easily included; for

lossy materials these are not the same as for the continuous spectrum.



Special attention is given to the definition and construction of the
characteristic function. Emphasis is placed on its analytic properties for
the benefit of efficient complex root searching. The characteristic equa-
tion is described from several viewpoints, including that of a mathematical
two-point boundary value problem, in terms of reflection and transmission
coefficients, and as a Wronskian determinant between two specially con-
structed field solutions.

It is shown that the characteristic function is a determinant of only
a 2x2 matrix, regardless of the number of layers. By the sequence of 2x2
matrix transformations across the structure, a single matrix transformation
between the tangential fields at the two outer boundaries is easily calcu-
lated. This matrix completely characterizes the interior structure, quite
independently of the outer semi-infinits layers or boundary conditions.

The characteristic function is then defined in terms of this matrix and a
matrix representation of the boundary conditions. It is also advantageous
to consider 8%, rather than B, to be the eigenvalue parameter whose complex
plane is to be searched for roots.

The characteristic function defined here has no poles or extraneous
roots, and in the B2?-plane it has only one pair of unavoidable branch points
and cuts associated with the two outer boundary conditions. The relation-
ship of this characteristic function to that of the transverse resonance
method is discussed. Explicit expressions for the 2, 3, and u4-layer
structures are listed for comparison with other versions.

A general purpose complex root searching algorithm is used for calcu-
lating the roots of the characteristic equation in the g2-plane. Usually

called Muller's method, it is an iterative procedure based on a local



quadratic approximaticn to the characteristic function. Several important
improvements are incorporated which greatly increase the rate of conver-
gence in the early stages of the iterations. Initial guesses, at which to
start the search for each of several roots, are calculated by interpola-
tions based on the phase integral. Altogether, with the maximally analytic
characteristic function, use of the B%-plane, improvements in the root
searching method, and excellent initial guesses, rapid and efficient
calculation of the discrete modes is realized. As few as 2 or 3 iterations
are needed per root for simple guides where good guesses are possible, or
when only small changes in parameters are made from a previously calculated
case. More commonly, convergence to an accuracy of lO_lO is obtained in 3
to 7 iterations. Where convergence is not obtained in 10 to 15 iterations,
the root search in nearly every case has been found to be entangled in a
branch cut.

Field distributions across the structure, for any value of B, of the
discrete or continuous spectrum, are easily calculated. The values of the
tangential fields at all the boundaries are calculated by the sequence of
matrix multiplications, and constitute a set of values sufficient to
completely characterize a field solution. The same 2x2 matrix method is
then used in an incremental manner to efficiently calculate the fields at
closely spaced points across the structure. These may be used for plotting
purposes or possibly for numerical integrations.

The transverse and propagating Poynting power density for any mode is
easily calculated from the calculated field values with little additional

effort.



Part II describes a FORTRAN computer program which implements the
formulation described for actual calculations. Part I of the report 1is
intended to serve as documentation for the program.

A rather large program results, intended for complete case by case
solutions for any arbitrary structure. The program is made possible by,
and depends on, the complex variable capability of FORTRAN, including the
library functions for complex elementary functions. Complete flexibility
of program usage is available through a large number of input variables.
Large amounts of output are available under users option to provide
detailed information for each case.

The program has proved to be quite efficient and capable of high
accuracy. On a CDC-6400 computer of 14 digit floating point resolution a
convergence criteria of lO—12 has been routinely realized for modes in
structures up to 7 layers. Using a non-optimizing compiler, sets of 7
modes at a time are calculated (to a convergence criteria of lO—lO) for a
seven layer structure in about 2 to 3 seconds of a cost of 25 cents.
Detailed field values across the structure for all seven modes take a
comparable amount of time.

The original objectives of this work have been fully realized. With
the present formulation and program it is now feasible to obtain quantita-
tive results for any complex modes in arbitrary structures. This is a

capability which has not previously existed.
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1.2 Objectives and Motivating Problems

The work reported here was carried out in the context of integrated
optics, and of wave propagation along multilayered dielectric guiding
structures. This background is assumed of the reader, and is represented by
the book by Marcuse [1], and the one edited by Tamir [2]. A vast literature
in this area now exists, and further reference to it is made only as
specifically needed. Wave propagation in dielectric guides at microwave
frequencies, is, of course, quite equivalent, and this earlier interest is
well represented in the books of Collin [3] and Shevchenko [4]. An even
more general background on fields and waves, and wave propagation including
layered media, is found in Felsen and Marcuvitz [5]. These references may
be consulted for citations to earlier literature.

The overall objective of the present work was to develop a formulation
for direct calculation of complex modes in very general arbitrary structures.
Here, complex modes refer to discrete eigenmodes of propagation parallel to
the planes, and having complex-valued propagation coefficients. Such com-
plex modes arise whenever, a) any of the dielectric materials have losses
(or gain), representable by a complex permittivity, or b) modes are un-
bounded or improper, where the imaginary part can sometimes be interpreted
as attenuation due to radiation loss from the propagating energy. The
calculation of bound modes in simple lossless guides (of 3 or 4 layers)
appears repeatedly in the literature. Provision for material losses is un-
common except for simple cases (say 2 or 3 layers), and is often treated by
approximate methods. Similarly, the well known '"leaky" improper modes are
often treated by approximate methods, and rarely for structures of more

than 4 layers.
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For more complicated structures the only recourse is to direct
numerical methods. FTor more than a few layers, and especially for complex
material parameters, analytical methods become intractable. A few formula-
tions of the field problem for modes in layered structures have appeared
which have the potential for describing a completely arbitrary case. But
these formulations have been found to be unsuitable or inefficient for
numerical purposes, as described later.

Therefore, one objective was to arrive at a formulation more suitable
for being programmed for calculation. Thus, the formulation should be as
simple as possible, not depending on the number of layers, and also be
numerically accurate and efficient. It was anticipated that a 2x2 matrix
method similar to that used for multilayer optical filter analysis would
serve the prupose, and remain valid for complex parameters. The objective
for complex propagation constants is reasonable because of the capability
for complex calculations in the FORTRAN language. When the propagation
constant is allowed to be complex, most field parameters must also become
complex, and there is little difficulty in including the capability for
fully complex material parameters. Hence a capability for a completely
arbitrary complex structure was reasonable.

Once numerical methods are resorted to there is the potential for very
accurate results. So another objective was to use the best possible
numerical techniques. For example, by choice of variables and expressions,
singular and indeterminate situations, where considerable loss of signi-
ficant digits could result, were to be avoided. A relatively efficient
method for complex root searching was known to be available. So there was

hope that results could be obtained which were limited only by the unavoid-
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able accumulation of roundoff error in whatever computer was used.

Initial motivation for this work arose in connection with periodic
coupling between two dissimilar guides in a dielectric structure. Such a
coupler is in contrast to the well known grating couplers between a guide
and an incident or radiated beam. Specifically, there is interest in
periodic coupling between a low index glass fiber transmission line and a
surface guide on a high index substrate. All active integrated optical
devices are fabricated on a relatively high index substrate, such as
LiNbO3 withn ~ 2.2 [2, p. 175], or GaAs with n = 3.5 [2, p. 243]. On the
other hand, the glass fiber has an index and mode propagation constant of
approximately n = 1.5. With this large index mismatch, one of the few
hopes for distributed couplers is to use periodic coupling, introduced in
the layer separating the two guides. Such periodic coupling has been
suggested several times [6-9], but little progress has been made in
analyzing such a structure or demonstrating its feasibility.

The structure of interest is shown in Fig. 1.1, where intially a
planar geometry is assumed for simplicity. It is a five-layer structure
with an externally mounted glass guide [61, layer 2, separated from the
substrate guide, layer 4, by the isolation layer 3. The latter would
incorporate the periodic variation, of a variety of possible types, with
a period A. The permittivity indicated for layer 2 would be the average
over the periodic variations. Depending on the type of periodic structure
used, it may be necessary to subdivide layer 3 intc more layers, say 2 or 3.
The condition for efficient net coupling between the glass guide mode of

B,» and the substrate guide of g, is simply that K = 2M/A = IBl-BQI. But

1
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there are other competing coupling and scattering processes which are also
present and make the coupler difficult to aalyze. Clearly, the periodic
layer also serves as a grating coupler between either guide and radiated
beams in both outer layers. These arise as both negative and positive
higher order diffraction processes, associated with terms inK. Further,
any modes in the glass guide, because of the high index substrate, must be
leaky modes, as for a prism coupler. This structure is unlike the prism
coupler, however, because of the presence of the substrate guide.

The feasibility of this coupler concept depends on whether, by choice
of structure parameters, and perhaps by blazing effects [2, p. 118; 10-11]
or resonance effects (below), the coupling to radiated beams can be mini-
mized, while permitting a useful amount of power to be coupled between
guides.

It is not the purpose of this report to describe any analysis of this
structure. It is mentioned as an example of how quickly practical struc-
tures can become very difficult to analyze. It provides several examples
of types of modes which cannot be described by the familiar methods for
three and four layer structures, and more general methods must be consider-
ed.

When the phase mismatch between two guides is small, and only bound
modes are considered, then familiar coupled mode theory may be used. For
coupling between two rather arbitrary asymmetric guides (a 5-layer structure)
the work of Watts [12] and Wilson and Reinhart [13] may be mentioned.
Except for the leaky mode properties of guide 1, this approach could be

used for approximate analysis of the structure of Fig. 1.1.
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Because the periodic structure introduced in layer 3 is considered to
be weak, the waveguiding properties of the structure are dominated by the
modes, both proper and improper, of the dverall 5-layer structure. The
periodic perturbation then serves as a coupling mechanism between the
modes. It is not appropriate to consider this as a problem of wave propa-
gation in a periodic structure, using representations in terms of Bloch
waves. Therefore, it has been a primary motivation to be able to solve for
propagating modes in the basic 5-layer structure of Fig. 1.1, and this
necessarily includes leaky modes.

An important recent development in the theory of grating couplers has
been the recognition that, even for some simple structures, the traditional
first order approximations for calculating the coupling efficiency fails
completely. This was first pointed out by Kiselev [14], and some quanti-
tative calculations and experimental demonstrations were provided in a
companion paper by Zlenko and Kiselev, et al. [15]. Later, Rigrod and
Marcuse [16] presented a confirming analysis for similar cases, and indica-
ted that equivalent results could be obtained from coupled mode theory.
These results showed that for some configurations (the grating layer
placed between a surface guide and a high index substrate) the coupling
efficiency could be very dependent on the grating periocd and guide thick-
ness. For some combinations of these parameters the coupling efficiency
could be large; but most dramatically, for other slightly changed values,
the efficiency could become essentially zero. The effects were described
as interference effects between two different diffracted orders, which both

contribute to the radiated beam. TFirst order perturbation analysis (repre-
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senting most pravious work on grating couplers) conciders only one
diffracted order at a time, and it assumes that the field distributions
due tc the incident modes are not altered by the presence of scattered
fields. The newly recognized interference effects can also be described
as transverse resonance effects. For some guide thicknesses, and grating
diffraction angles, strong standing wave fields can be excited in the
guide. Then, for even weak diffraction, large diffracted fields can exist
in the guide. This is contrary to the assumptions of the first order
perturbation method.

We point out here that these results can also be described as periodic
coupling between the guided mode and other leaky modes of the same guide.
Thus, if 81 is the propagation constant for the bound mode, and 82 is the
reel part of the propagation constant for a leaky mode, then strong coupling
to the radiated beam (from the leaky mode) can be expected when the phase

matching condition is satisfied, K = 2I/A = IB -B This qualitative

1 2|'

description has been confirmed by using preliminary results of the present
formulation. Leaky modes were calculated for the structure used by the
above authors [15, Fig. 6; 16, Figs. 4 and 6]. For each of six points,
where comparison was possible, the maximum radiation occurs when the phase
match condition was satisfied. The sharp nulls, of apparently zero
coupling efficiency, occur whenever [Bl—Kl is midway between the values of
B, for two adjacent leaky modes. Agreement was within the accuracy with
which values for B could be read from the figures.

Recognition of these transverse resonance effects calls into doubt any
analysis of the structure of Fig. 1.1 which is based on first order pertur-

bation methods. It is likely that the concept of periodic coupling between
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bound and leaky modes can be developed to provide quantitati;e results for
the efficiency of coupling between radiated beams and modes in more arbi-
trary structures. This approach is directly applicable to that of Fig. 1.1,
and provides additional motivation toward a capability for calculating leaky
modes in general.

There has also been an increasing interest recently in the use of leaky
waves for describing field solutions in open guiding structures. Tradition-
ally, leaky waves have been considered nonphysical, and not usable for the
representation of real field solutions; although the usefulness of a single
leaky mode to describe radiation from leaky wave antennas and prism couplers
is well known. Shevchenko [17], Shatrov [18] and others [19-20] have shown,
however, that it is possible to include leaky modes in a general field
expansion. The expansion over the continuous part of the spectrum can be
replaced by a summation over the set of discrete improper modes. Within
the guide, and in its viecinity, the inclusion of a few of these improper
leaky modes can lead to rapidly convergent representations for the fields.
Golichev and Krasnushkin [21] have presented an elegant description of the
alternatives of representations by integrals over continuous spectra or by
summations over sets of discrete modes. For optical fiber guides, Sammut
and Snyder, et al. [22-2u4], have shown that weakly leaky modes play an
important and practical role in excitation and attenuation measurements.

In order to make greater use of leaky modes in describing excitation
and propagation in layered structures it is first necessary to be able to
make quantitative calculations of the propagation constants and field dis-
tributions. Methods for such calculations in general structures are rarely

considered in the literature. Usually, only the bound proper modes are of
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interest; and where improper modes are mentioned, quantitative calculations
of the mode parameters are rarely carried out.

Hence, one of the motives for the present work was to obtain a method
for numerically calculating leaky and improper modes in very general layered
structures. It was believed that, in using numerical methods, and if the
mathematical problem were properly formulated, then improper modes should be
no more difficult to calculate than the proper modes.

Another area where complex modes are important is in propagation in
layered structures which include dissipative losses. In most analysis of
dielectric structures such losses are usually ignored, except perhaps in
the simplest (say, 3-layer) cases. A very important active area at present
is that of semiconductor double heterostructure {(DH) lasers, which are
inherently complicated multilayer structures [2, p. 271; 25-27]1. In many
actual structures the free carrier absorption losses can be significant,
affecting the lasing threshold. It is very desirable to be able to calculate
mode parameters, especially mode attenuation or gain, and field distribu-
tions, in layered structures with losses permitted in any layer. Even more
important is the inclusion of gain (due to the active recombination region)
in some layers. From the viewpoint of a complex permittivity, the differ-
ence between loss and gain is only in the sign of the imaginary part. In
semiconductor lasers leaky modes can also be important because of limita-
tions on the choice of material permittivity. In fact, leaky mode concepts
have been proposed to help control the selection of lasing modes [28]. As
an example of structure complexity Suematsu, et al. [29-30], have demonstra-
ted a 7-layer twin-guide laser with gain in one guide, which is coupled to

an output guide with feedback structure. There can be losses in all layers
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and leaky radiation into the outer layers, though these were not included
in any of their approximate analysis.

If a method were capable of directly solving for modes in general
structures, with material loss or galn, then analysis of semiconductor
heterojunction laser would be an area of immediate practical benefit. This
provided additional motivation to keep the formulation completely general,
with arbitrarily complex material parameters allowed throughout. Two exam-
ples of DH lasers are used later to demonstrate the capabilities of the
present formulation and program.

Even in a simple case, of bound modes in a system of two coupled simi-
lar guides, there is some motivation for direct calculation of the exact
modes of the overall structure. Coupled mode theory is nearly always used
to describe such a structure. The resulting representation of the fields,
in terms of approximate normal modes, can be excellent in the case of weakly
coupled guides; but it is not valid for close, strongly coupled, guides.

If a general method for solving multilayer structures were available, such
coupled guide problems could be solved directly. If sufficient accuracy
were possible, then the effective coupling coefficient between guides (a
parameter of the coupled mode theory) could be obtained by calculating
differences between propagation constants of the isolated guides and of
the system of coupled guides. Since an exact calculation gives the exact
normal modes for the complete structure, it is even possible to suggest
that the fields for modes in the individual guides could be written
approximately as linear combinations of the normal modes. This is the
converse of the viewpoint of coupled mode theory, and would be useful in

the case of strongly coupled guides.

e
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A last example is that of hollow waveguides [1, p. #3], which have a
role in gas laser resonators and for guiding long-wavelength infrared
radiation. The guiding layer is of lower index than the walls, and all
modes are necessarily leaky modes, though the rate of loss for the lowest
order modes can be very small.

In most practical structures the magnitudes of coupling coefficients
and the rates of power loss for leaky modes are relatively small. These

3 to 10_8, say, relative to the magnitude of the

may be on the order of 10
real part of the propagation coefficient. For direct calculations of these
quantities the propagation coefficients must then be calculated to better
than this in relative accuracy. For example, if an 8 digit floating point
computer is used, and there is a minimum of round-off error in calculating
8, then a value of coupling coefficient or leakage rate of 10*5 could be
obtained with 2 to 3 digit accuracy.

These considerations provide some motivation for obtaining maximum
possible numerical accuracy from any implementation of the formulation.
It is worth investing some attention to questions of efficient and accurate
numerical methods. Because of the many layers, complex parameters, and the
need for finding roots by iterative procedures, numerically efficient

procedures and minimization of round-off error can make the difference

whether or not it is feasible to calculate modes in some structures.
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1.3 Previous Methods

The three-layer asymmetric dielectric structure, and its character-
istic equation for bound guided modes, is ubiquitous in the literature of
integrated optics [1, Sect. 1.3; 2, Sect. 2.3]. This is shown in Fig. 1.2
for the TE modes. This structure is the prototype for all planar dielec-
tric guides, and is also used to obtain approximate solutions for modes in
rectangular guides [1, Sect. 1.7]. The reader is assumed to be familiar
with the formulation for the fields in the three layer problem, the tradi-
tional characteristic equation, and with the properties of the bound guided
modes.

In this report we are interested in the calculation of more general
structures: of arbitrary numbers of layers, and for dielectric properties
which may be lossy, or active (lasers, with gain), or even having a negative
permittivity (metals and plasmas). We are also interested in arbitrarily
complex modes which may have attenuation or gain the direction of propaga-
tion, due to either the material properties, or due to radiation loss
(leaky, unbounded modes) in the transverse direction.

With some care, the formulation for the three-layer structure can be
used when the material parameters are complex, and also used for leaky un-
bound modes beyond cut-off. Tor the single symmetric guide, Burke [31] has
presented extensive results for the general case of lossy materials, and
included improper modes. His method does not generalize to the asymmetric
guide.

Several attempts have been made to extend the formulation for the three
layer case, particularly the form of the characteristic equation, to de-

scribe modes in four-layer structures. These are of interest for beam
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Figure 1.2 Three-layer Dielectric Guide and Characteristic Equation.






coupling to guides (prism couplers) [32] and also for guides involving an
additional layer of perturbing material [33, 34], often a metal [35-401.
In extending the formulation in this way, a priori assumptions are usually
made about the additional layer being either a part of the guiding layer or
not. The choice of notation and range of values for the parameters strongly
reflects these assumptions. It is not unfair to say that it is impossible,
by extension of the three-layer formulas, to obtain the characteristic
equation for more than four layers; or to obtain a four-layer characteristic
equation which is valid for all physically interesting values for the index
of the two inner layers.

One relatively simple procedure for calculating propagation constants
of modes in layered structures is the so-called transverse resonance
metrod [2, p. 1073 5, p. 2153 41]. It is applicable to any number of layers,
of complex dielectric materials, and can be adapted to complex modes. The
method is based on the close analogy between the transverse propagation of
the fields in the layered structure, and the more familiar voltage-current
propagation on two-wire transmission lines. The layered structure can be
modeled by cascaded sections of transmission lines, having appropriate
characteristic impedances and (transverse) propagation constants, but which
are functions of the mode propagation constant. By imposing conditions on
the sclutions in the semi-infinite layers (transmission lines), the wave
impedance can be transformed from layer to layer, leading to the definition
of a characteristic equation whose roots are the mode eigenvalues for the
layered structure. The transverse resonance method has a close relation
to the method described here, since many of the numerical quantities needed

for the recursive calculation are the same.
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The transverse resonance method has some undesirable numerical pro-
perties, however, which makes 1t unusable for complex root searching. And
the method itself does not provide a procedure for calculating the field
distributions once the eigenvalues are found. The relationship to the
present method is pointed out later.

Harris has developed an extensive formulation for fields and modes in
layered structures of arbitrary number of layers [41-47]. A representation
in terms of vector potentials was chosen, assuming exponential solutions to
the wave equation, with two undetermined amplitude coefficients, in each
layer. The field continuity conditions, at each interface between layers,
lead to a pair of simultaneous equations for the amplitudes in any two
adjacent layers. For eigenmodes, a single exponential solution (an "out-
going wave" only) is assumed in each semi-infinite layer. For N+1 material
layers, there are a total of 2N simultaneous equations, homogeneous in as
many unknown amplitude coefficients. The characteristic function for the

modes is taken to be the determinant, D N? of the 2N by 2N matrix of coef-

1
ficients, all being functions of the common modal propagation constant and
of the layer parameters. The characteristic equation, in the propagation
constant kz say, is simply that DlN(kZ) = 0; that is, the condition for the
existence of nonzero solutions for the 2N amplitudes.

This method considers the eigen-condition to be the simultaneous satis-
faction of all boundary conditions. Because of the use of DlN’ it might be
called the grand-determinant approach to the characteristic equation. The
determinant is of order 2N, and for all but the smallest N it becomes im-
practicable to calculate directly. Harris showed that DlN may be calculated

recursively; starting with a single boundary, the effect of each additional
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layer 1s incorporated by use of a two-term recurrence relation [43, Lq. A8
45, p. 334]. This is possible only because the coefficient matrixz is sparse,
belng pentadisgonal, and Harris' recursive method appears to be a special
case of a more general recurrence relation for determinants of such matrices

L%3]. One unfortunate aspect of D as defined, is that it also has roots

1N’
which are not eigenmodes. It becomes zero whenever the transverse propaga-

2)1/2 2

" . ve, becomes zero in any interior

. 2
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ion constant, kx (k2 k
layer indexed by 2. That is, in addition to the eigenvalue roots, kZ,
u,w(k7) has additional zeros, branch points, and associated branch cuts,

a4l

for every kz = kg of the inner layers. This has serious, though somewhat
correctable, consequences for numerical root searching methods.

Harris used his formulation in the analysis of prism and periodic beam
couplers [43, 45, 46], and several others have used it for periodic couplers
F49] and metal-clad wave guides [50]. Interestingly, and in spite of its
potential generality, the method does not appear to have been used for
structures of more than five layers. And, with one exception [51], the
formulation does not appear to have been used for direct calculation of
leaky modes in prism couplers or for modes beyond cut off in normal guides.
Rather, the formulation has been used as a basis for first order approxi-
mations for leakage rates of tunneling modes [431, for losses in metal clad
guides [50], and for coupling between two guides [47]. Had a general root
searching procedure been used with the formulation, some exact numerical
results could have been obtained for these problems.

For any modal propagation coefficient, kz, the field solutions in
Harris' formulation (the set of amplitude coefficients in all layers) were

stated in terms of Cramer's rule, requiring 2N additional determinant
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evaluations. These can also be carried cut recursively. However, the
current state of the art of computational linear algebra considers Cramer's
rule and use of determinants as numerically very inefficient and of poor
accuracy.

Canosa and de Oliviera [52], and Ixaru [53], have also used a grand
determinant method for calculating the energy eigenvalues for a one-
dimensional Schroedinger equation. The potential is approximated by a set
of stepwise constant intervals (layers), and continuity conditions are
applied to the scalar function and its derivative at all the boundaries.

By a sequence of elementary matrix operations, on the coefficient matrix
for the resulting set of equations, they showed that the grand determinant
for the characteristic equation could be evaluated as a determinant of a

2x2 reduced matrix. The latter is obtained as a 2N-fold product of 2x2
submatrices, and inverses of some submatrices, of the 2Nx2N coefficient
matrix. Theilr interest was limited to real potentials and real eigenvalues,
but otherwise it is very similar to Harris' method. Because of the 2x2
matrix operations it is closer to the method presented here. In [52] a
root searching method similar to the one used here was used to locate the
eigenvalues, but it was not used for finding complex roots.

C. A. Ward, et al. [54], have obtained a general expression for the
dispersion (characteristic) equation for TM modes in structures of N layers
of complex dielectrics. Their applications were primarily to surface plasma
waves (polaritons, plasmons) along metal-dielectric boundaries, where TE
modes are unimportant. By examining their characteristic equations for 2,
3, 4 and 5 layers they were able, by induction, to deduce a general expres-

sion., This is a sum over Q(N—Q) terms, each term being a product of N-1
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factors. It was implied that their general expression was easily pro-

crammed for calculation, and that it offered some advantages over recur-

@]

ively calculated expressions. This does not agree with the common under-
standing, in computational mathematics, that recursively defined functions,
and calculations based on a recursive procedure, offer the highest ef-
ficiency (minimum number of operations) and minimum programming complexity.
An expression similar to Ward's was preveiously obtained, but not empha-
sized, by Harris for the characteristic equation in his formulation [42,
Eq. 5; u7].

Ward's characteristic equations have a property even more serious than
Harris'., Namely, for all layers, the same points kz = kQ in the kz plane,
for which the transverse propagation constants, kX, become zero, are now
branch poles of the characteristic function. The function behaves as l/kX
in the neighborhood of each of these points; and there is a branch cut
connecting each to the point kz = =, which is an additional N-fold multiple
zero of the characteristic function. This situation is evident from the
equation in Fig. 2 of Ref. 54, where, for all layers, the individual kX as
used here (their o = kmz) appear in the denominators throughout. An
approximation to first order in kx’ for any layer as kX -+ 0, shows the
function to behave as l/kX. These branch poles probably make this
characteristic function unusable for general root searching methods.
Certainly it would be nearly impossible to calculate mode propagation con-
stants, kz, which happened to lie close to the poles at kz for any of the
layers. Approximate pole-zero cancellation could make the zero invisible
to the root searching routine. Further, it is possible for the root
searching procedure to wander off to kZ + o, seeking the additional roots

there.
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The extraneous zeros or poles in these characteristic functions can be
numerically removed. This is done by dividing Harris' function by the
product of kx over all the inner layers, or by multiplying Ward's function
by the same product. If this is done numerically, after calculation of the
function as originally defined, then an indeterminate form of 0/0 or «/=
can result, with éonsiderable risk of round off error. It is best to
define the characteristic functions to have a well behaved form in the
first place.

It may be argued that characteristic functions should have a property
of maximum analyticity. That is, in the eigenvalue parameter, the charac-
teristic function should have only those zeros which are true eigenvalues of
the problem; and elsewhere the function should have no singularities, except
those which are unavoidable and fundamental to the problem. Characteristic
functions are not unique. For, multiplication by any analytic function
will leave the eigenvalues unchanged, but it may Introduce additional zeros
which are not eigenvalues. Multiplication by a nonanalytic function will
ordinarily leave the eigenvalues unchanged, but will introduce additional
singularities. Such a situation exists with Ward's characteristic function,
and as seen later, is also true of the transverse resonance method. Other
transformations of the characteristic function are sometimes made which can
introduce additional singularities. Tor example, if D(A) is a characteris-
tic function, having zeros in the complex A-plane, then f(A) = Tan D(XA), or
£(A) = Atan D(A), will have the same zeros; but f(A) then can also have
additional zeros, infinities, or branch points. This is the case for the
traditional characteristic function for the three layer case. The method

presented here has attempted to avoid unnecessary roots and singularities.
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By choice of variables, and sequences of operations, all quantities are
well behaved and finite throughout the calculations leading to the
characteristic equation.

A extensive background literature in wave propagation in plane-layered
media exists since before the advent of interest in optical waveguilding
[55-58]. This work can be considered for various alternatives in formula-
ting the general problem, but it has remained largely uncited in the
literature of integrated optics. The reasons are probably that some pro-
blems are best approached by different formulations, and previous methods
have not been the most convenient for guided wave optics.

Radio propagation in the earth-ionosphere region [56, 58] is dominated
by an interest in point observers, and real electric and magnetic point
sources. In most cases both points are located within the one guiding
region, which often has continuously varying parameters. Thus, there is
emphasis on representations in terms of vector potentials, Green's func-
tions, and approximations methods. Budden [56, 57] formulated the charac-
teristic equation almost exclusively in terms of a round trip phase integral
across the guiding region, including reflection coefficients and phase
shifts at the outer boundaries. This method is poorly suited *to a problem
with multiple separated guiding layers.

Radio propagation over plane layered models of the earth has similar
emphasis [58], but source and observer are often taken to be outside the
layered region. Propagation along the plane surface of a structure then
may emphasize reflection coéfficients as seen from the outside. Propagating
modes, as seen from the outside, form the context for most literature on

surface wave properties of complex modes.



30

A very different emphasis exists in the analysis of optical multilayer
filters [59, 61], where there are no point sources or point observers.
Interest is primarily in wave propagation transversely to the layers, due to
plane waves incident from the outside. The formulation is usually in terms
of the actual field variables, angles of incidence and reflection, and re-
flection and transmission coefficients. A well developed matrix method
exists for analysis and design of different types of filters. There is no
interest in wave propagating or guiding properties along the planes.

Losses are rarely included.

On the other hand, for optical guiding structures there is little
interest in transverse propagation properties, but propagation along the
Plane is of paramount interest. The mode concept is used, and there is
little use for reflection or transmission coefficients. No point sources
are used, and interest in incident beams is primarily in the degree to
which specific modes are excited, rather than how the beams are reflected
and transmitted.

The present formulation was chosen to be as simple as possible, with
the fewest possible field quantities, and directly related to the quantities
of interest. (There was no need for vector potentials or Green's functions.)
The components of E and H are sufficient, without the need even to define
the wave equation or oppositely traveling wave amplitudes. The field com-
ponents across the structure are simply related by the matrix transforma-
tions as used in optical multilayer filter analysis. However, all quanti-

ties must now be allowed to become complex. Formally., the 2x2 matrix method

remains completely valid even in the fully complex case. But there is

little reason to retain the notion of angles of propagation in each layer,
































































































































































































































































































































































































































































































































































































































































































































































































































































