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1.0 lntroduction.

This real estate devel opnent problemis an expansion and refinenment of a
probl em suggested by Dr. Richard B. Peiser, Assistant Professor of Real

Est at e and Regi onal Sci ence at Sout hern Methodi st University. The ensuing
i nt eger program ng nodel was originally devel oped but never solved by
Mark D. Youtsey, a senior engineering student at SMJ, in 1980. The foll ow
i ng nodel, however, has been further developed to reflect current costs,

interest rates, inflation rates, and a clearer representation of annua

cash fl ows.

This integer progranm ng nodel is a mathenatical investnent anal ysis used
to determ ne optimal investnent decisions in the devel opnent of real estate.
It utilizes a nodified version of linear progranm ng to accommbdat e i nt eger

(0,1) variables for an integer programm ng sol ution.
2.0 The Problem

The probl em addressed by this nodel is described as foll ows:

A real estate devel oper/investor owning a large tract of |land wi shes to
deternm ne the optinal nethod of devel oping and selling various plots of
this land so as to naxinm ze profit. The devel opnent project is to extend
over a 5-year period. The land is divided into four zones of different
sizes or acreages (see Figure A). Each zone is further apportioned into
three types according to use or purpose: (1) residential, (2) industrial
and (3) commercial. That is, each zone has a different allotnent of |and

sui tabl e for each of these three purposes.



FI GURE A
LAND APPORTI ONVENT

(in acres)
ZONE 1 ZONE 2
Tvpe Al |l ocati on Type Al | ocation
1 0 1 300
2 150 2 100
3 150 3 0
Tot al 300 Tot al 400
ZONE 3 ZONE 4
Type Al |l ocati on, Type Al |l ocati on
1 375 1 475
2 0 2 100
3 25 3 25
Tot al 400 Tot al 600

1 = Residenti al

N
I}

I ndustri al

3 = Commerci al




The developer is faced with fixed (startup) costs associated with opening a
zone for devel opment, as well as marginal or variable costs for devel opi ng
each type of land within the zone (see Table 1). Devel oprment of the | and

is stimulated by annual demand and revenues from selling the devel oped | and.
In order to finance these devel opnents the investor is given a yearly line
of credit of $5 mllion at 18 per cent interest per annum A one-year |oan
may be procured at the beginning of each year up to the credit limt and nust
be repaid with interest at the end of that year (no conmpoundi ng). Al

selling prices and costs are subject to an annual inflation rate of 10 per

cent.

3.0 Assunptions.

The assunptions whi ch have been incorporated into this nodel are:
(1) Demand for |and does not vary with devel opnment (constant demand).
(2) Price does not vary with demand (constant price with respect to
demand). ”
(3) Once a zone is opened for devel opnent any and all parts of that

zone are eligible for devel opnent and subsequent sale.
4.0 Description of the Mdel.

This nodel is a |large integer progranmm ng nodel. The fornulation is conprised
of a maxi mum profit objective function in 160 integer and continuous (linear)

vari abl es, subject to 160 constraints.

The maxi mum profit sought in this nodel is the result of revenues from | and

sal es and interest onn cash |less the costs of |and devel opment and interest

These assunpti ons, although contradictory to econom ¢c theory, are necessary
to enable this nodel to take on its integer characteristics, as opposed to

the- nmore conpl ex, dynanic programr ng nodel



TABLE 1

* COSTS:
Fi xed Startup Costs: 1. Vari abl e Costs:
Zone Cost (mllions) Land Type Cost
1 $1. 50 1 $10, 000
2 $1.75 2 $ 6, 000
3 $2. 00 3 $ 6,000
4 $2. 25
* PRI CES:

I. Selling Prices for Land

Type Cost Per Acre
1 $30, 000
2 $44, 000
3 $04 000
DEMAND: (in acres)
Year 1 2 3 4 5
Type
1 100 200 300 300 300
2 25 50 75 75 75
3 0 50 50 50 50
bl-,

* An inflation rate of 8° per annumis built into each year's costs and prices.
For each of the 5 operating years, this is reflected in the coefficients

of the decision vari abl es.



on loans. The profitability of this endeavor is constrai ned by:
(1) land availability
(2) | and apporti onment
(3) denand for devel oped | and
(4) capital availability (due to credit limts)

(5) the fact that |and may not be sold until it is devel oped.

5.0 Definition of Decision Variables and Coefficients.

The deci sion vari ables and coefficients for this npdel are as foll ows:

LS = anount of land sold of devel opnent type !T" in zone "i"
e during year "t" (in acres),
wher e

i =1,2,3,4 (zone nunbers)

j = 1 land for residential devel opment

2 " " industrial "
3 " " commerci al "
t = 1,2,3,4,5 (years of operation and investnent).

amount of | and devel oped of type "j" in zone "i" during

LDijt e
year "t (in acres).

LA; amount of land in zone "i" allocated for devel opment type Nh

|

D| demand for |land of type "j" during year "t".

Le | oan procured during year "t" for investnment toward the
devel opnent of |and.

Ce idle cash on deposit in a bank during year "t" (gaining
interest of 5.25% annually while on deposit).

r e interest rate on any |oan procured at the begi nning of year
18% per annum

bi t 0 if zone "i" is not developed in year "t" (not opened)

! 1 if zone "i" is opened for devel opnent in year "t".

fixed startup cost for developing zone "i" in year "t".

Ne'
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b selling price of land type "j" in year "t"
Jt
Mt mar gi nal (vari abl e) cost of devel oping | and type
year "t"
(CASHIN) , = sumof all cash in-flows during year
(cAasHOUT) , = sumof all cash out-flows during year
6.0 The |nteger Prograni ng Model .
This real estate devel opment problem may be formulated as the foll owing
i nt eger programr ng nodel :
Ob' ective Function:
Maxi m ze Profit = Z
5 :
_ N(LSt - LDI"tM 1t
t= i=1|j=1 1Y)
where i =11,2,3,4
j =11,2,3
t =11,2,3,4,5
subj ect to:
5
(1) LSij t (E1LD
ijt
(2) LSiit < Dt ( 1, residential use)
- _ . .
Lsi 2t D2t (j = 2, industrial use)
LSi 3t S Dat ( conmer ci al use).

(3)

(4)

(5)

(7)
(8)

t LDiJk<- IAij(, |Sik)
5t

«, Si; =1
were S;;

_ LS
(cASHNt= / () Pij(toy T L0525 Ciit L

( CASHOUT)

(CASHI N) ,

(0,1)

T

( CASHOUT)

L« S 5,000, 000

t

LDj |t S
Mt + sitSit + (1 +

r

t-1)

Lo



7.0 The Solution Phase.

7.1 The Relaxed Solution. This nodel, once fornul ated, was sol ved using the
M NOS Software System for |arge-scale |linear progranms. Due to the fact that
the M NOS System sol ves only conti nuous problens, the nodel was entered as a
i near program (allowing (0,1) variables to take on positive fractional values
summing to unity) and the "rel axed" solution resulted. The optimal rel axed
solution resulted in a maxi mum profit over the 5-year period of

50, 623 ., . 805.00
7.2 The Integer Solution. After obtaining the relaxed solution, a nakeshift
br anch- and- bound anal ysis was done by "turning on and off" the various integer
vari abl es for each zone. This was achieved by fixing "delta.' values at 1
to open and cl ose the devel opnent of zones during the various tine periods,
since a zone can not be partially open for devel opnent as the rel axed sol ution
woul d suggest. Upon exam nation of all possible conbinati ons of zone openi ngs
and cl osi ngs, disregardi ng any openi ngs which resulted in infeasible solutions,
the followi ng optinmal integer, solution resulted
7.2.1 Zone penings.

Year 1: Zones 1 and 3 open for devel opnent.
Year 3: Zones 2 and 4 open for devel opnent.

7.2.2 Land Sales and Devel opnent. The |and sales figures resulting in maxinmm
profit are found in Table 2, while the specific figures on | and devel opnent
timng and acreages are |located in Table 3.
7.2.3 Profit. The total maxi num profit derived fromthe opti numinteger sol u-
tionis

$50, 598, 845. 00

a decrease in total profit of $24,960.00 or 0.05% fromthe rel axed sol ution.



This decrease in profit fromthe relaxed to integer solution is the result

of the integer (0,1) variables being attached to fixed costs. The rel axed,
conti nuous solution enabled the integer variables to take on positive frac-
tional val ues. Wth this kind of flexibility of solution, the rel axed fornu-
lation is able to better m ni m ze the costs which are deducted fromthe
total profit.

7.2.4 Loans. The | oans procured by the investor for maxi mum profit include

a $5 mllion loan at the beginning of year 1 (full credit limt), and a
$2.92 million loan at the beginning of year 2 in order to finance the devel op-
nment operations. No ot her | oans are necessary, since the profits derived from

the first 2 years of operation provide sufficient capital for the remaining
3 years of operation
7.2.5 Cash Flow. The annual cash flows (in and out) resulting fromthe 5

years of operational revenues and expenditures are:

Year . Cash Fl ow
1 $5 million
2 $5.5 million
3 $12.6 mllion
4 $18.8 million
5 $36.5 million

The excess of revenues over expenses produces the optinal $50, 598,845 profit.

8.0 Conclusion.

Based upon this analysis and the resulting solution, one may concl ude that
this 5-year endeavor is quite profitable. However, nore generally this
problemsinply illustrates the value of this nodel in an investment anal ysis.

G ven the appropriate information (cost figures, demand, prices) to a real



investnment problem this nodel and formul ati on could be easily adapted
and used as a neans of discerning the optinum devel opnent alternatives
and profitability of potential real estate, portfolio, or other capital

i nvest ment s.
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TABLE 2

LAND SALES SCHEDULE

11

Peri od
Year Zone Type Acres Sol d Total s
1 1 2 25
3 1 50 75
2 1 2 50
3 25
3 1 200
3 25 300
3 1 2 75
3 25
4 1 300
3 25 425
4 1 3 50
2 1 125
2 25
4 1 175
2 50 425
5 1 3 50
2 1 175
2 75'
3 1 125 425
Tot al 1650
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TABLE 3
LAND DEVELCOPMENT SCHEDULE

Acres Peri od
Type Zone Type Devel oped Total s,
1 1 2 25
3 1 120
3 25 170
2 1 2 125
3 150
3 1 255 530
3 2 1 47.5
2 100
4 1 475
3 25 647.5
4 2 1 252.5
4 2 50 302.5
5 0 0

Tot al 1650
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