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In this paper, we derive new xed-point algorithms for the
blind separation of complex-valued mixtures of indepen-
dent, possibly non-circularly-symmetric, and non-Gaussian
source signals. Leveraging recent results in complex inde-
pendent component analysis, we construct iterative proce-
dures for complex signal mixtures whose evolutionary char-
acteristics are identical to those of the real-valued FastICA
algorithmwith kurtosis contrast. Our methods are fast, com-
putationally simple, and easy to use. For extracting multiple
sources, symmetric and asymmetric signal deation proce-
dures can be employed. Simulations for both noiseless and
noisy mixtures indicate that the proposed algorithms often
have equal or better nite-sample performance than existing
separation methods for complex-valued mixtures.

6. I)*0(%5C*I()

Both blind source separation (BSS) and independent com-
ponent analysis (ICA) are concerned with -dimensional
linear signal mixtures of the form

(1)

where is an unknown mixing matrix and
is a vector-valued signal of sources.

In most treatments, the sources are assumed to be
statistically-independent and real-valued, and is full rank.
If certain additional conditions are met, it is possible to es-
timate demixing matrix from such that

(2)

contains demixed independent elements that are possibly
scaled and shufed with respect to the sources in . For
real-valued mixtures, numerous algorithms have been de-
veloped [1]R[3]. Among these methods, the FastICA pro-
cedure in [3] has fast convergence, global convergence for
kurtosis-based contrasts, and no step size parameter.

Suppose that and are complex-valued, such that
, , and
, where . Separating complex(-

valued) linear signal mixtures is important for a number
of tasks in wireless communications, array processing, and

medicine [4]R[6]. Fewer algorithms for separating complex
signal mixtures have been described in the scientic litera-
ture [1, 4, 5, 7, 8]. The super-exponential algorithm in [7]
involves pseudo-inverses of covariance matrices that may
be difcult to calculate. In [8], the complex-valued source
signals are assumed to be circular, such that the probability
density function (p.d.f.) of depends only on its modu-
lus , a restrictive assumption.

Recently, it has been shown that complex ICA has a
specic statistical structure that is distinct from the real-
valued case [9, 10]. For example, the matrix can some-
times be identied up to scaling and permutation factors
if contains multiple complex non-circular Gaussian-
distributed sources. The key concept in these results is the
relaxing of the circularity assumptions of the distributions
of the complex sources . Algorithms for separating
general-form complex source mixtures have appeared only
recently [10], and extensions of the most popular algorithms
have yet to be considered.

In this paper, we present a careful study of the complex-
valued ICA and BSS task for mixtures of non-Gaussian and
possibly non-circular source signals. The role of decorrela-
tion in complex-valued ICA is carefully delineated, taking
account of the results in [10]. We then present extensions
of the popular FastICA algorithm for fourth-moment sepa-
ration criteria to the non-circular complex-valued case. Un-
like [8], our derivation exploits the structure of the fourth-
moment symmetric tensor of the source signal vector di-
rectly. When applied to mixtures of non-circular and/or cir-
cular complex-valued sources, our algorithms preserve the
fast and efcient convergence properties of the original Fas-
tICA algorithm for real-valued signal mixtures [3]. Brief
convergence proofs of the algorithms are outlined showing
that they work when contains at least non-
Gaussian-distributed sources. Simulations indicate their sep-
arating capabilities for complex-valued BSS tasks.

2. C(2P.E#-4A.5E% 0A)%(2 4A0IA3.ES

In our derivation, we rst delineate the statistical structure
of complex-valued random variables. We shall later use
this structure to develop efcient separation algorithms. Let

denote a scalar complex-valued ran-
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dom variable with p.d.f . The marginal p.d.f.]s of
and are and . Let

denote the expectation operator for an arbitrary complex
function .
The complex conjugate of is .
For convenience, is a zero-mean random variable, i.e.

.
Let , where is a complex

scalar. Clearly, . The following theorem relate
to the distribution of , the proof of which is in [15].

*9:;<:= 6> For any zero mean complex r.v. , it is al-
ways possible to !nd a complex scalar such that

(3)

(4)

where the circularity coef!cient is a real number satisfy-
ing . Furthermore, , with
equality if and only if is proper, i.e., .

The above theorem states that it is always possible to
_scale` a complex-valued random variable so that (a) its
power is unity, (b) the power of its imaginary part is no
greater than that of its real part, and (c) its real and imag-
inary parts are uncorrelated. Such signals are said to be
strong uncorrelated, in deference to the terminology in [10].
Note that this structure says nothing about the dependence
of and or the distribution of . We now as-
sume that possesses this structure, as we can absorb
the scaling of each source into the mixing matrix in (1).

Our algorithms exploit the fourth-order moment struc-
ture of the vector . Fourth-order cumulants have been
heavily-used in deriving blind identication and separation
algorithms in the real-valued case. A theorem and corollary
give the fourth-order moment properties of strong-uncorre-
lated independent sources . Proofs are in [15].
*9:;<:= 2> Let contain zero-mean, independent,
strong-uncorrelated signals with circularity coef!cients

, . Then, the symmetric fourth-order mo-
ment tensor and sym-
metric kurtosis

are

if
or
if
if

otherwise

(5)

(6)

Corollary 2.1: If is a strong-uncorrelated Gaussian
random variable, its symmetric kurtosis is zero.

Because of the importance of the kurtosis in our work, we
shall dene the kurtosis operator for as

(7)

The symmetric fourth-order moment tensor for
independent and strong-uncorrelated complex random vec-
tors is similar in structure to that of independent real-valued
randomvectors, in which , and independent circularly-
complex random vectors, in which . In particular,
terms that depend on the the third-order moments vanish in
all three cases. For independent in the non-circular
complex case, however, only strong-uncorrelated random
variables maintain this nice structure for the tensor .

3. () *1E E#*0AC*I() (! A SI)/.E
C(2P.E#-4A.5E% S(50CE

Consider a single row of the separation
matrix that extracts a single source . The output
signal at time is . We can write in
terms of the combined coefcient vector as

(8)

The next theorem describes the moments of [15]:

*9:;<:= 3> For a source vector that contains independent,
zero-mean, possibly non-circular, and strong-uncorrelated
sources , the output signal is zero mean and
has the following moments:

(9)

(10)

Corollary 3.1: The kurtosis of is

(11)

The result in (11) indicates two important facts:

1. For strong-uncorrelated sources, the kurtosis of in
the combined coefcient space depends on the circularity
coefcients only through the values in (6).

2. Let . Then, using this polar representation,

and (12)

The relations in (12) have been used to develop algorithms
for single-channel blind deconvolution (c.f. [11]) and for
blind source separation of real-valued signal mixtures (c.f.
[2]). In the latter case, the real-valued combined system
coefcients play roles that are identical to those of the am-
plitudes of the in the complex-valued case. It is this
latter correspondence that allows us to directly state an op-
timization strategy for extracting a single source [15]:

!"#!
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*9:;<:= 4> Consider the single-unit extraction criterion

(13)

where . Assume that at least one of the
sources has a non-zero kurtosis . Then, maximiza-
tion of over all possible under the constraint that

yields one of the columns of for which
up to a complex unit-modulus scaling factor.

4. SI)/.E-5)I* !I#E%-P(I)* A./(0I*12S
!(0 C(2P.E# 2I#*50ES

In [3], the FastICA algorithm for real-valued mixtures is de-
rived as an approximate Newton procedure for maximizing
a set of continuous-valued generalized contrast functions.
When the kurtosis contrast is used, the algorithm has a par-
ticularly appealing form in the combined system coefcient
vector at iteration [3, 12]:

(14)

(15)

where is a diagonal matrix of source kurtoses and
is a diagonal matrix whose th diagonal entry is . The util-
ity of this algorithm can be inferred from (14)R(15), which
leads to cubic convergence near a separating solution. More-
over, its average limiting performance over a uniform prior
of initial coefcient vector directions is exponential with a
rate of [12, 13, 14]. In what follows, we develop al-
gorithms whose coefcient updates obey a similar relation
as (14)R(15) in the limit as the data record length tends to
innity, where the amplitudes of the elements of in the
complex-valued case behave as the (absolute values of) the
elements of in the real-valued case. Our derivation as-
sumes that we have a set of measurements ,

, from a complex mixture model of the form in
(1). The elements of are realizations of statistically-
independent complex-valued possibly non-circular random
processes, in which only one source has a zero kurtosis.

Our derivation relies on the strong-uncorrelating trans-
form for signal prewhitening [9]. The strong-uncorrelating
transform is a linear transformation that diagonalizes both
the covariance matrix and pseudo-covariance matrix

(16)

(17)

respectively, where denotes Hermitian (conjugate) trans-
pose. Note that for nite sample sizes, and it

remains non-zero as if any of the sources are non-
circular. The strong-uncorrelating transform is dened by a
matrix such that

and (18)

where is a diagonal real-valued matrix of ordered diago-
nal entries . Methods for
computing the strong-uncorrelating transform are given in
[9, 10]. With this transformation, dene

(19)

as the prewhitened signal vector, such that

(20)

(21)

Under prewhitening, and are related by

(22)

where is unitary ( ).
For single-source extraction, the source estimate is

(23)

where is an -dimensional vector of adjustable param-
eters at iteration . The relationship between and is

(24)

The second and fourth sample moments of are

(25)

(26)

where we have dened the matrix

(27)

The following theorem gives the structure of [15]:

*9:;<:= 5> The limiting value of is

diag

(28)
where the diagonal entries of diag are the diagonal el-
ements of .

!"##
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Using this result, we can approximate

diag

(29)

The rst term is quite similar in form to (14), implying that
the desired coefcient update before normalization is

diag (30)

(31)

Expressing this update in coordinates gives

(32)

Finally, we notice that and

(33)

Combining the results gives the coefcient updates as

(34)

(35)

The above algorithm is similar to the FastICA algorithm
for circular complex-valued sources in [8] for .
In fact, if , the two updates are identical. The last
term of (34), however, is novel, and it is critical to obtaining
good performance for arbitrary mixtures.

The algorithm in (23), (34), and (35) relies on the strong-
uncorrelating transform. Computing the strong-uncorrel-
ating transform involves the Takagi factorization of a sym-
metric complex matrix, which generally requires special-
ized numerical code. For this reason, we offer an alternative
implementation that employs ordinary prewhitening. In this
version, nd any prewhitening matrix such that

(36)

and set , where

(37)

Note that will not be diagonal in general.

It is possible to re-trace the steps taken to derive the up-
dates in (34)R(35) under the assumption that is not diag-
onal. The nal version of the algorithm that results is

(38)

(39)

Comparing the updates in (38) and (34), we see that the
price paid for not computing the Takagi factorization is an
additional matrix-vector multiply within every iteration of
the coefcient vector update. This computational increase is
small relative to that needed to calculate ,
and the rst term on the right-hand-side of (34) and (38).

The overall goal in our algorithm design was to obtain
procedures for complex ICA that exhibit the fast, globally-
convergent performance of the real-valued FastICA algo-
rithm. Do (34)R(35) and (38)R(39) achieve this end? The
following theorem indicates that the answer is yes [15].

*9:;<:= 6> As , both (34)–(35) and (38)–(39)
can be described in the combined system coef!cient vec-
tor space as , where is a diagonal matrix
of complex factors sgn , is a positive-valued

-dimensional vector obeying the relationships

(40)

where the diagonal matrix has diagonal entries
with , is a diago-

nal matrix whose th diagonal entry is , and .
Thus, their convergence performance is identical to that of
the real-valued FastICA algorithm with kurtosis contrast,
where complex-source kurtoses replace real source kurtoses
and coef!cient amplitudes replace coef!cient values in the
evolutionary behavior.

Our algorithms also do not change the output signal phase
during their operation except for a sign ip during odd-
valued iterations, a desirable attribute for some applications.

5. !I#E%-P(I)* A./(0I*12S !(0
SEPA0A*I)/ A03I*0A0C C(2P.E# 2I#*50ES

To extend either of our algorithms to general -source ex-
traction, we use similar concepts as in the real-valued Fas-
tICA algorithm extended to the complex realm. Since
is related to through the unitary matrix , all sources
can be extracted by applying versions of either algorithm
to and constraining the resulting vectors to be uni-
tary. Unitarity could be maintained either
1. sequentially through a Gram-Schmidt or QR method, or

!"#"
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9#C
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9#C
+1M*&3 - J<L%4
L1M*&3 - L%4

9#C
) - AB/%<L4

Table 1: A MATLAB implementation of the xed-point al-
gorithm that uses sequential orthogonalization.

2. jointly through a symmetric unitarization procedure us-
ing an inverse matrix square root or an adaptive method.

Sequential unitarization procedures work without knowl-
edge of the number of sources in the mixture and are prova-
bly-convergent as , but sources extracted later in
the procedure contain greater amounts of interference. Joint
unitarization procedures often perform better but do not work
as well when Gaussian sources are present and are not guar-
anteed to converge for . It is suggested that one alter-
nates between sequential and joint unitarization procedures
to obtain best performance.

Table 1 lists the CFPA1 algorithm, a sequential imple-
mentation of versions of (38)R(39) with Gram-Schmidt
orthogonalization using the MATLAB technical computing
environment. Table 2 provides the CFPA2 algorithm, a par-
allel implementation of versions of (38)R(39) in which
joint unitarization is used. Versions employing (34)R(35)
have been omitted but are simple to construct given Takagi
factorization software.

6. SI25.A*I()S

We now explore performance behaviors of algorithms via
simulations. All evaluations are performed on synthetic data
using the MATLAB technical computing environment. We
have used the average inter-channel interference (ICI) to
measure separation performance, which for the combined
system matrix with th element is
given by

(41)

This performance measure does not measure whether all
sources are extracted uniquely, although the algorithms be-

!"#$%&'# ()*+, - $!./I1234

(5*6, - 7&891234 N-O4
:22 - 12;<23=54 (>*?/6,-9&@1:2234
AB/% - ><C&/@1D9/E1C&/@1?/633FG1H0=I334
J - 2<AB/%4 KB/% - 1%D/#7.'791J3<J3=54
L - 9+91634 + - 89D'715*634
L'EC - 89D'71634 X - L4
PB&E91#'D61/Q71L'EC;<L3H9+9163*;!D';3R16<09HS33<1NT0Y<63

L'EC - L4 N-NU04
+ - J<L4 KB/%L - KB/%<L4
!'D #-0M6

X1#*#3 - %D/#7.'791L1M*#33<KB/%L1M*#34
9#C
L - 1J;<1+F< /Q71+3FGI33=5 H I<L H $'#V1KB/%L3<X4
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Table 2: A MATLAB implementation of the xed-point al-
gorithm that uses joint symmetric orthogonalization.
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Fig. 1: Average ICI as a function of data record length
for a noiseless six-source demixing task.

ing compared extract different sources due to coefcient or-
thogonality. The mixing matrix has been generated ran-
domly for each simulation run using an SVD-like combi-
nation of two random complex orthogonal matrices and a
set of complex diagonal elements whose amplitudes were
restricted to the interval . Both noiseless and noisy
mixtures have been used, in which additive circular uncorre-
lated Gaussian noises with variances was used
as the measurement interference. Our study of noisy sig-
nal mixtures is to make sure that the various algorithms are
robust to low-level additive sensor noise.

We compare the separation performance of our algo-
rithms to two different versions of two well-known exist-
ing methods for complex ICA: JADE [1], and the complex
FastICA algorithm in [8] that assumes circularly-symmetric
source distributions with . The two JADE
algorithms used simultaneous diagonalization of and
cumulant matrices, respectively, and the two versions of the
FastICA algorithm in [8] employed symmetric and asym-
metric deation procedures, respectively. One thousand eval-
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Fig. 2: Average ICI as a function of data record length
for a noisy seven-source demixing task.

uations of each method have been used to determine the av-
eraged performance statistics shown.

Consider noiseless six-sourcemixtures of two real-valued
binary- sources, two 4QAM sources, and two 16QAM
sources. Fig. 1 shows the average ICI of the six algorithms
for different data block lengths . Our proposed methods
perform better than either version of JADE and either ver-
sion of the algorithm in [8] for small sample sizes, offering
separation of between 12.5 and 15 dB for snap-
shots. The complex FastICA procedure for circular sources
in [8] produces a biased result. The two JADE algorithms
perform better than CFPA1 for larger block lengths. CFPA2
performs the best for all block lengths.

Fig. 2 shows the average ICI of the six algorithms for a
seven-source noisy mixture, in which a circularly-symmetric
complex Gaussian source has been included in the above
signal set with additive Gaussian sensor noise. In this case,
our proposed symmetric-deation-based technique performs
the best for all block lengths considered. Additional exam-
ples with nine- and ten-source mixtures are given in [15].

We now consider a scenario in which three distributions
R Uniform-[ ], unit-variance Laplacian, and binary
R are used to generate nine sources by (a) taking all possible
distribution pairs to create the real and imaginary parts of
six complex sources, and (b) adding three additional real-
valued sources of each distribution. Shown in Fig. 3 are the
behaviors of the six algorithms in this case. The proposed
methods are superior for , and CFPA2 performs
the best for all block lengths.

7. C()C.5SI()S

In this paper, we have presented algorithms for separating
mixtures of independent, non-circularly-symmetric, and non-
Gaussian sources. Our algorithms inherit all of the nice
properties of the well-known kurtosis-contrast-based Fas-
tICA algorithm while being applicable to complex-valued
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Fig. 3: Average ICI as a function of data record length
for a more-challenging noiseless nine-source demixing task.

signals. The techniques are computationally-simpleand em-
ploy well-known and well-understood data transformations
such as whitening. Simulations show that the techniques
have nite-sample separation performance that often meets
or exceeds that of existing approaches for complex-valued
blind source separation, especially for small record lengths.
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