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Abstract. The FastICA algorithm is a popular procedure for indepen-
dent component analysis and blind source separation. Recently, several
of its convergence properties have been elucidated, including its average
convergence performance and its finite-sample behavior. In this paper,
we examine the kurtosis-based algorithm version for two-source mix-
tures with equal-kurtosis sources, proving that the single-unit FastICA
algorithm has dynamical behavior that is identical to the Newton-based
Rayleigh Quotient Iteration for finding an eigenvector of a symmetric
matrix. We also derive a bound on the average inter-channel interference
indicating that the initial convergence rate of FastICA is linear with a
rate of (1/3). A simulation indicates its convergence performance.

1 Introduction

The FastICA algorithm of Hyvarinen and Oja [1] is a popular procedure for inde-
pendent component analysis (ICA) and blind source separation. The technique
is simple to set up, converges quickly, and provides good separation behavior in
a varlety of contexts. Moreover, when a fourth-moment or kurtosis-based con-
trast function is used within the algorithm, convergence is globally cubic about
a separating solution for the linear ICA model with non-Gaussian sources [2].
The technique has become popular for a number of problems in signal analysis.
Various studies of the convergence and identification behavior of the FastICA
have been made, including stationary point analyses in the two-source and m-
source mixing cases [3,4], its average convergence performance [4—6], and its
finite-sample behavior at convergence [7]. In this paper, we add to this knowledge
about the convergence of the FastICA algorithm by studying the algorithm for
mixtures of two sources with equal kurtoses, with the goal of providing additional
theoretical insight into the algorithm’s behavior. In this situation, we prove that
— the single-unit FastlICA algorithm has dynamical behavior that is mathe-
matically-identical to the Newton-based Rayleigh Quotient Tteration for find-
ing a minimum eigenvalue of a symmetric matrix, and
— convergence of the average inter-channel interference is bounded above by a
function that converges linearly with rate (1/3) or 4.77dB per iteration.
Thus, our results support previous observations made in the ICA literature which
indicated linear (exponential) convergence of FastICA with a kurtosis contrast
[6], and it connects the algorithm with a well-known eigenvector search proce-
dure. A simulation verifies the derived performance bound.



2 Kurtosis-Based FastICA for Two-Source Mixtures

We briefly introduce the FastICA algorithm for two-source mixtures so that no-
tation can be defined; complete descriptions of the algorithm are in [1,2]. Let
s(k) = [s1(k) sz(k_)]T, where s1(k) and sa(k) are zero-mean, unit variance, non-
Gaussian, and statistically-independent at time k, such that their normalized
kurtoses are x; = E{st(k)} —3,i € {1,2}. Let x(k) = As(k) contain a linear
mixture of these sources, The single-unit FastlCA procedure first determines a
whitening transformation P such that v(k) = Px(k) contains unit-power uncor-
related signals. A weight vector w; = [wy U)27t]T is then adjusted such that

T
(k) = wv(k) 1)
is an estimate of one extracted source. The adjustment procedure is

W, = E{y} (k)v(k)} — E{y?(k)}w:, Wit = % (2)

W, Wy

if a kurtosis-based cost function is used. An extension allows one to use other
cost functions [2]. Sampled data averages are used to compute all expectations.

For analysis, consider the behavior of FastICA in the combined coefficient
vector ¢; = ATPTw,, in which case y(k) = ¢”s(k). Furthermore, for two-source

mixtures, we introduce an intrinsic parametrization for ¢; = [c1 CQ}t]T given by
c; = [cos(6;) sin(;)]. (3)

Then, letting the number of data measurements tend to infinity, an equivalent
expression for FastTCA in this case is [4]
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which can be represented even more compactly using (3) as

tan(fy41) = :—Ttans(ﬁt). (5)

When |eg s < [e1,], the ratio es,/c1 ¢ = tan(f,) is related to the inter-channel
interference (ICI) at time ¢ as

2
C
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which represents a useful performance factor for the algorithm. In this paper,
we shall assume equal kurtosis sources, such that k3/k; = 1. Equal-magnitude
kurtosis sources could be handled with additional notational changes. We shall
also restrict our study to the case |ca,| < |e1,] or [0 < /4, as all other
convergence regions follow from the four-fold symmetry of the parameter space.



3 The Kurtosis Contrast, Newton’s Method, and the
Rayleigh Quotient Iteration

The single-unit kurtosis-based FastlCA algorithm can be derived as an approz-
imate Newton’s method for minimizing the cost [1,2]

J(w)) = = |E{y ()} = 3 (B ()})
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| (7)
under a unit power constraint on y(k) given by E{y*(k)} = wiw =cfc=1.In
the two-source case, this constraint is exactly maintained by (3). We can express
the kurtosis contrast for a two source mixture with equal-kurtosis sources in the
vicinity of # = 0 as

J(c) = —1x| [c‘l1 + cg] or J(0) =—|x| [Cos4(6) + sin4(9)] . (8)

Our pursuit of knowledge about the FastICA procedure can move in either a
constructive or an analytical fashion, and we choose the former approach first.
Ignoring our ability to represent iterative algorithms using measured data, what
are some good approaches that could be used to minimie [J(f) with respect
to 87 Clearly, Newton’s method is of interest given the convexity and evenness
of 7(0) at § = {0,7/2, m,37/2}, as Newton-based methods converge cubically
under such conditions. The one-dimensional gradient and Hessian of J () are

oTJ(0) . *Te)
0 = |k|sin(40) and o = 4| cos(48), (9)
such that Newton’s method for adapting 6 is
1
6t+1 = 9t — Z tan(40t). (10)

Near 6; = 0, the algorithm is indeed cubically-convergent, as

16

Eqn. (10) has appeared before in the analysis of the Rayleigh quotient iter-
ation (RQI) for finding the eigenvector of a symmetric matrix [8], in which the
cost function in the transformed eigenvector c; and eigenvalues {A1, Az} is

J(c) = Aic? 4+ Xye2 o T(6) =X\ cosz(qﬁ) + A sin2(¢), (12)

Newton’s method for minimizing 7 () is

Grp1 = & — %tan(?@) ~ —§¢? + O(¢?); (13)

which is identical in form to (10) for f; = 2¢;. That the two costs in (8) and (12)
would produce the same Newton iteration is remarkable, but our interest here



is in realizable algorithms, such as FastICA for blind source separation. The fol-
lowing theorem, proven in the Appendix, illuminates an important relationship

between FastICA and the RQI.

Theorem 1: In the two-source equal-kurtosis case as the number of measure-
ments tends to infinity, the FastICA algorithm for minimizing (8) in the intrinsic
parametrization variable 0, is

041 = —0; + arctan <% tan(‘ZGt)) = 6? + 0(6?), (14)

which is identical in form to the Rayleigh Quotient Iteration for minimizing (12)
in the intrinsic parametrization variable ¢, as given by

ér41 = ¢ — arctan <% tan(?qﬁt)) = —¢2 - O0(¢}), (15)

where 6, = (—1)"¢;. Moreover, both the RQI and FastICA are approrimate step-
and-project Newton algorithms in c¢; employing the tangent form of the Newton
update within the intrinsic parameter space 0; or ¢y.

The above theorem states that in the two-source case, the weight vector wy for
the FastICA algorithm evolves identically to that for the RQI applied to a sym-
metric matrix I'diag{Ay, )\Q}I’T when I' = PA is orthonormal, except for the
sign changes associated with the alternating update directions in the RQI. We
have verified this fact numerically to the machine precision limits of MATLAB
by running each algorithm its respective task for the same I' separation and
eigenvector matrix, respectively. That the FastICA procedure shares the same
evolutionary behavior of RQI is informative, as RQI is a well-known and well-
studied procedure in the numerical linear algebra community [8,9]. The RQI
is considered one of the best procedures for its task due to its local cubic con-
vergence. This link means that convergence results for RQI can potentially be
applied to the FastICA algorithm, and vice versa.

To better see the geometrical relationships of the various algorithms, Figure 1
illustrates a single iteration of each algorithm in both two-dimensional e-space as
well as one-dimensional angular space. Point O corresponds to the point on the
unit circle at angle 6; of the FastlICA algorithm. Point P is the negative of this
angle at —6;, which we will set equal to ¢; for comparison with the RQI. Vector
OD is the the component of the Newton update direction for minimizing the
kurtosis-based cost in (8) in the tangent space at point O or angle ;. Vector PE
is the component of the Newton update direction for minimizing the Rayleigh
quotient cost in (12) in the tangent space at angle ¢,. Point A is reached by the
update in (10), in which the arclength OA is equal to the linear distance OD.
Point B is reached by the update in (13), in which the arclength PB is equal
to the linear distance PE. Point C is the result of both FastICA and RQI in
their respective problems, which is obtained by projecting the point E to the
unit circle. In all cases, the angle magnitude is reduced in proportion to the
cube of the original angle 6; or ¢: for small angles: Point A is at an angle of



Fig. 1. Geometry of the FastICA algorithm and the Rayleigh Quotient Iteration - see
text for label descriptions.

approximately —%9?, Point B is at an angle of approximately %9? = —%qﬁ?, and
point C'is at an angle of approximately 6.

In practice, the kurtoses of the two sources are not equal; even so, the locally-
cubic convergence of the FastICA algorithm is maintained. From (5),

;41 = arctan (H—2tan3(€t)) = H—QH? +0(67). (16)

K1 : K1 ’ ’
Convergence of 6; to zero remains cubic. The kg/k1 factor in (16) does not
significantly alter the algorithm’s local convergence behavior. In fact, if k9/k1 <
0, the update’s oscillatory behavior about # = 0 is identical to that in the RQI.

4 A Bound on the Average ICI for FastICA

The FastICA algorithm appears to converge quickly in many contexts. In [6],
the average behavior of the inter-channel interference (ICI) for kurtosis-based
FastICA on general m-dimensional mixtures was observed in simulations to be
exponential with rate (1/3). Recent analytical work has verified this convergence
property under a range of initial conditions on wq [5,6]. The goal of this section
is to use the simplicity of the two-source FastICA algorithm analysis to verify
this property under general initial conditions for wy.

When &1 = k4, we can use (5) to write the evolutionary equation for FastTCA
in a remarkably simple form for the ICT at time ¢:

ICIL = ICT?, = (ICI)*. (17)

This scalar evolutionary equation for the ICI is cubically-convergent globally so
long as the saddle point IC'Ty = 1 occurs with zero finite probability. Conver-
gence depends on IC'Iy, which for our analysis is assumed to have an unknown
scalar p.d.f. pg(u) over the range 0 < u < 1.



The average ICI, denoted as E{IC1;}, is the ensemble average of the ICI
values at iteration ¢ that one would obtain by running FastlCA on the same
data set with different initial conditions as characterized by the p.d.f of ICI,.
Here, infinite data has been assumed. The following bound characterizes the
value of E{IC,} for weak assumptions on the p.d.f. of the initial ICI, the proof
of which is in the Appendix.

Theorem 2: Let ICIy be arbitrarily-distributed on [0, IC I,q.] with distribu-
tion po(u), where 0 < IC Iy, < 1, subject to the additional condition that the
probability density of ICIy has no point masses, or equivalently, the cumula-
tive distribution function of ICIy is continuous over the interval [0,1]. Define
K = mMaxXo<u<ICT,., po(u). Then, an upper bound on the average ICI of the
FastICA algorithm at iteration t for a linear mizture and infinite data in the
two-source case is

E{ICL} < G) (ICTna)* K. (18)

Theorem 2 states that for reasonable distribution assumptions on the initial ICI,
the average ICI at time ¢ is bounded by a function consisting of the product of
a linear-converging term and a cubically-converging term. Cubic convergence is
what the deterministic analysis in [1] describes for kurtosis-based FastICA, and it
is ultimately attained under stochastic initial conditions of the separation system
vector if the initial distribution of the inter-channel interference is bounded away
from unity. It may take a number of iterations, however, before this cubically-
converging term dominates the expression. During the initial convergence period,
the bound is linear with rate (1/3), as observed in simulations in [4]. Moreover, if
the uncertainty about the mixing system prevents one from bounding IC'Iy away
from unity — a likely situation — then the bound predicts only linear convergence.

Finite data records prevent one from attaining lim;_, o, E{ICI;} = 0 in prac-
tice. Experience show that linear convergence of FastICA with rate (1/3) is typi-
cally observed from the multiple-unit kurtosis-based FastICA algorithm applied
to finite-length data sets. The performance “floor” due to finite measurements
prevents one from observing the eventual cubic convergence of the FastICA pro-
cedure. The above bound indicates why linear convergence behavior is observed.

To verify the above behavior, the following simulations were carried out. The
FastICA procedure was applied to 10000 different realizations of N = 1000 snap-
shots of mixtures of Unif-[—/3,/3]-distributed sources. The initial coefficient
vector wq for each realization was randomly and uniformly-selected from an ar-
bitrary point on the unit circle satisfying IC' Iy < IC 0, = 0.999. Ensemble
averages were then used to compute E{ICI;} for comparison with the average
behavior as predicted by the bound in (17), where K = 1/7 [5]. As a check, the

random values of /C'/y were used to compute an estimate E{[/C\[t} of E{ICI}}
using ensemble averages of (17), which assumes infinite data (N — o0).

Figure 2 shows the evolutions of the various measures of inter-channel inter-
ference, in which the bound in (18) is seen to accurately predict both E{IC'I;}

and E{[/C\[t} for small £. Eqn. (18) closely follows the average behavior of (17)
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Fig. 2. Convergence of F{ICI,} from simulations and from predictions.

for larger ¢, but the measured E{ICI,} continues to converge linearly with rate
(1/3) until performance limits due to prewhitening and finite-sample effects are
reached. In essence, the FastICA algorithm does not achieve cubic convergence
on average despite having cubic convergence in a deterministic setting.

5 Conclusions

In this paper, we illustrate an important connection between the popular Fas-
tICA algorithm for independent component analysis and the Rayleigh Quotient
Iteration in numerical linear algebra. We also derive a bound on the evolution
of the average inter-channel interference for the FastlCA algorithm for equal-
kurtosis two-source mixtures which predicts linear convergence of the algorithm
initially. Simulations show that the average ICI in FastICA typically converges
linearly despite having cubic convergence in a deterministic setting.

6 Appendix

Proof of Theorem 1: From (5), we can write the update of the single-unit FastICA
procedure applied to mixtures of two equal-kurtosis sources in the variable 6; as

;41 = arctan (tan3(9t)) ) (19)
Consider an expression for tan®(#) of the form
tan®(f) = tan(a — 6). (20)
Applying the tan difference formula, we obtain the relationship

3., _ tan(a) —tan(f)
tan”(0) = 1 + tan(a) tan(f)’

(21)



or tan(a)(1 — tan?(#)) = tan(). (22)
Assume first that § # 7/4, in which case

tan(a) = % - %tan(?ﬁ). (23)

Now, considering the case that § = 7/4 and the solution for tan(a) in (23) , the
left-hand-side of (22) can be evaluated using L’Hopital’s Rule as

011}1;1}4 % tan(20)(1 — tan?(f)) = 9&1:}4 % sin” (20)[tan®(0) + tan(0)] = 1.(24)

Thus, we have o = arctan(0.5 tan(26)) for all 8, such that
1
tan®(#) = tan <arctan <§tan(29)> — 9) . (25)

Setting # = 0, and taking the arc-tangent of both sides of (25), the result follows.

Proof of Theorem 2: Let po(u) denote the p.d.f. of ICIy. Then, we have

IClmax IClmaz
E{ICL} = / u® po(u)du = / u® ! upo(u)du. (26)
0 0

Using the Holder inequality, we have

Si=
|

ICImax . ICImax
E{ICL} < / TS / u® p (u)du (27)
4] 0

o[

<(—1 %(ICI o /mm *pi(u)du | (28)
= \rB 1) +1 maw A u polu)du .

where 1/r+1/s = 1. Letting s — oo and r — 1, we have the inequality in (18).
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