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ABSTRACT

Adaptive filters are ubiquitous tools for numer-
ous real-world scientific and industrial applica-
tions. Many educators and practitioners employ
the MATLABQ® technical computing environment
to implement and study adaptive filters. This paper
describes the design and implementation issues re-
garding a recently-developed set of comprehensive
Matlab adaptive FIR filtering tools. In addition to
a complete suite of algorithms, the tool set includes
analysis functions that enable users to quickly char-
acterize the average performance of selected algo-
rithms when limited data are available. We provide
execution speed comparisons for algorithm families
to guide users in algorithm selection when MAT-
LAB execution time is most critical.

1. INTRODUCTION

Since the development of the least-mean-square (LMS)
adaptive filter over forty years ago, adaptive filters have be-
come well-known signal processing tools for numerous ap-
plications in communications, signal processing, and con-
trol. The widespread use of adaptive filters has created a
strong need for educational materials that allow practicing
engineers to learn about and explore their use. Many texts
have been written on adaptive filters, including [10, 17, 29].
Many are used in senior and graduate-level courses on adap-
tive filters in colleges and universities worldwide.

Computer simulation is an important learning tool for
understanding how adaptive filters work. Simulations give
students an opportunity to understand how signal statis-
tics affect the convergence properties of these methods
and to study implementation issues. Many educators and
practitioners find the technical computing software pack-
age MATLAB to be an ideal environment in which to per-
form these studies. The “language” of linear algebra that
MATLAB uses makes it a natural adaptive filtering simu-
lation environment. The pseudo-random sequence genera-
tors included in MATLAB are extremely useful for making
synthetic signals for adaptive processing. Some adaptive
filtering textbook authors (c.f. [29]) have based their com-
puter simulations on MATLAB. The Filter Design Toolbox
shipped with Version 6.5 of MATLAB contains only a few
adaptive filtering functions, including the LMS, normalized
LMS, and conventional RLS algorithms.

This paper describes the design and implementation is-
sues regarding a recently-developed definitive set of com-
prehensive MATLAB adaptive FIR filtering tools." The

1To be included in the next release of the Filter Design
Toolbox.

31 algorithms in this tool set include gradient and signed
LMS variants; recursive least-squares methods in conven-
tional, square root, lattice, and fast transversal filter forms;
frequency domain, transform domain, and subband ap-
proaches; and fast projection algorithms. The algorithms
run efficiently in MATLAB. In some cases, the new algorithm
versions are over one hundred times faster than their old
versions. Analysis functions enable users to quickly charac-
terize the average performance of selected algorithms when
limited data are available. We provide a simple example to
show how this analysis functionality can aid in the under-
standing of an adaptive filter’s behavior.

2. ALGORITHM DESIGN ISSUES

The design of any large algorithm toolset in software re-
quires careful planning. Specifications as to which algo-
rithms to implement, their desired features, and the way
they are likely to be used must be carefully delineated. Once
the algorithmic functionality has been specified, similari-
ties between algorithms should then be exploited to reduce
coding time and make future maintenance easier. Enhance-
ments to the tools, such as demonstrations, should also be
considered.

The design of the adaptive filter functionality began with
a specification for which algorithms to include in the toolset.
A taxonomy of adaptive filtering algorithms was developed
as shown in Fig. 1. This connected graph depicts all of
the algorithms chosen for implementation. The nodes on
the right contain stochastic gradient and related methods,
whereas the nodes on the left are deterministic (projection
and least-squares) methods. The links between the meth-
ods indicate similarities between algorithm pairs in terms of
implementation structure or cost function. This taxonomy
has a number of interesting features:

e The most-popular and widely-used algorithms-LMS,
RLS, and NLMS—are located in the center and have nu-
merous links to related methods. Most special-purpose
algorithms such as FTF, FAP, adjoint LMS, and parti-
tioned block FDAF appear near the geographical limits
of the graph.

e There are two distinct classes of adaptive algorithms
(stochastic and deterministic methods) with relatively
few links between them. Within these algorithm classes
are clusters of algorithms that are similar either in
implementation or in the principles underlying their
derivation.

We can use the natural clustering provided by this taxon-
omy to group the various algorithms implemented in this
toolset. Table 1 lists all of these adaptive algorithms along
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Table 1: Adaptive algorithms within the adaptive filters toolset.
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[ Acronym | Algorithm Name | Ref. | Acronym | Algorithm Name Ref.
Simple Updates Delayed Updates
LMS least-mean-square 1 DLMS delayed LMS 13
SE sign-error 6 FXLMS filtered-X LMS 10
SD sign-data 4 ADJLMS | adjoint LMS 26
SS sign-sign 2 Projection Methods
Block and Frequency Domain Methods NLMS normalized LMS 3
BLMS block LMS 18] | AP affine projection O(N?) 8
BLMSFFT | block LMS (FFT) 18] | AP2 affine projection O(N?) [15
FDAF frequency-domain adaptive filter 18] | FAP fast affine projection [23, 24]
UFDAF unconstrained FDAF 18] | BAP block affine projection [21]
PBFDAF partitioned-block FDAF 14 Conventional Least-Squares Methods
PBUFDAF | partitioned-block unconstrained FDAF 14] | RLS recursive least-squares 25
Transform Domain and Subband Methods SWRLS sliding-window RLS 25
TDAFDFT | transform-domain adaptive filter (DFT) 18 Square-Root Least-Squares Methods
TDAFDCT | transform-domain adaptive filter (DCT) | [18] | QRDRLS | QR-decomposition RLS [25]
SBAF subband adaptive filter 29] | HRLS Householder RLS [27, 28]
Lattice Structures HSWRLS | Householder sliding-window RLS [28]
GAL gradient adaptive lattice [5] Fast Transversal Filters
LSL least-squares lattice 17] | FTF fast transversal filter 16
QRDLSL QR-decomposition least-squares lattice 17] | SWFTF sliding-window fast transversal filter 19




with their corresponding references. This taxonomy was
also used for the technical documentation within the al-
gorithm files; the “see also” references within the help re-
sources employ this graph’s structure.

With the algorithm list defined, the core functionality of
each algorithm was then implemented as a single inline .m
program in MATLAB. Great care was taken to ensure that
the implementations ran as fast as possible under the cur-
rent operating structure of MATLAB. All of the algorithms
employ state variables that allow one to partition signals
into blocks to manage memory issues within MATLAB. In
addition, all algorithms save for the sign-data and sign-sign
algorithms have been tested and work for complex-valued
signals and coefficients.

Other important issues regarding the algorithm imple-
mentations include the following:

1. BLMSFFT uses overlap-save fast convolution for its im-
plementation, whereas BLMS employs traditional convolu-
tion using the filter command in MATLAB. The latter
implementation allows an arbitrary block size to provide
much finer control of the computational speedup for differ-
ent block sizes and filter lengths.

2. The three affine projection algorithms AP, AP2, and
FAP differ in the way the input signal autocorrelation in-
formation needed for the N-dimensional projection is up-
dated. AP uses direct inversion of the (N x N) input signal
autocorrelation matrix. AP2 uses a pair of Kalman-gain-
type updates to propagate the autocorrelation matrix in-
verse. Finally, FAP uses least-squares linear prediction via
an embedded sliding-window FTF algorithm.

3. The transform-domain adaptive filtering algorithms
TDAFDFT and TDAFDCT differ in the choice of sliding
transform used. Both algorithms use efficient recursive es-
timators for the DFT or DCT input signal frequency bin
values.

4. The SBAF algorithm is a special-purpose function that
can be called with one or more of the other adaptive filtering
functions along with prototype analysis and synthesis filters
for the filter bank structures. This algorithm then runs in-
dividual adaptive filters on the individual input and desired
response signals generated from the subband structures.

The rich choice of algorithms means that one has many
possibilities if implementation structure is not an issue.
For example, six different functions—RLS, HRLS, QRDRLS,
FTF, LSL, and QRDLSL-implement an exponentially-
windowed recursive least-squares adaptive filter. Three dif-
ferent versions of the affine projection algorithm are also
available. Studies describe later provide some guidance in
algorithm selection in such cases.

3. ANALYSIS FUNCTIONS

Adaptive filters has been called a “twiddler’s paradise,”
whereby the multitude of algorithm choices is dwarfed only
by the near-infinite choices of parameter values within each
algorithm. An unaided novice user of adaptive filters will
invariably run an adaptive algorithm to divergence with
out-of-range parameter values. Alternatively, he or she will
choose conservative values, resulting in an adaptive filter
that “isn’t doing anything.” Textbooks provide answers to
such difficulties, but they can potentially be avoided with
the right assistive tools.

To this end, a set of analysis tools has been designed. Five
of the adaptive filters-LMS, NLMS, BLMS, BLMSFFT,
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Fig. 2: Analysis of a 32-coefficient LMS adaptive filter. (a)
Sample coefficient trajectories computed from analysis and
estimated from simulations. (b) Mean-square error perfor-
mance. (c) Sum-of-squared coefficient errors.
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and SE-have optional analysis functions. These tools en-
capsulate existing knowledge about how these adaptive fil-
ters work [7, 9, 11, 12, 20]. Each of these procedures cal-
culates the statistical information needed to evaluate the
adaptive filter analysis, such as the input signal autocorre-
lation matrix, the optimum coefficient vector, and the min-
imum MSE, from the signals provided. These estimates are
then used to calculate maximum step size values, predic-
tions of mean-squared error (MSE) at each time instant,
the mean coefficient values at each time instant, predic-
tions of the coefficient error powers at each time instant,
and final total and excess MSEs at convergence. Another
general-purpose function provided in the toolset allows the
user to calculate ensemble-averaged values of the afore-
mentioned quantities for any adaptive filter supported in
the toolset. The user can then plot the ensemble-averaged
curves against the predicted values to check the accuracy
of the analytical results. The analysis tools also have some
convenient built-in features that help the novice user avoid
mistakes. For example, the analysis functions return a
warning if the chosen step size exceeds half of the maximum
step size value predicted from the mean or mean-square
analysis, depending on which one is called.

Shown in Fig. 2 are the results produced by the LMS
adaptive filtering and analysis functionality, where a 32-
coefficient LMS adaptive filter with correlated Gaussian in-
put and desired response signals is being studied. All input
signals were created such that E{z(n)z(n—I)} = 0.5/'!. The
desired response signals were created using a noisy system
identification model corresponding to a low-pass FIR filter
with digital cutoff frequency w = 0.57 and an observation
noise variance of 0.01. For the adaptive filter, 4 = 0.008
and zero initial coefficients were chosen. The theoretical
curves are computed from one pass of the analysis function,
whereas the simulation curves are computed by fifty simu-
lation runs using the adaptive filter function. The closeness
of the corresponding curves shows that the analysis is ac-
curate for the chosen step size and data statistics. These
results can be starting points for further explorations with
different signals, step sizes, and filter lengths. This study
does not take significant computing time; the generation of
these results including all signals and plots took 25.2 sec-
onds on a 700MHz Pentium-based laptop computer.
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Fig. 3: Execution times for six different RLS algorithms as
a function of filter length over 2000-sample signal sets.

4. INITIALIZATION ISSUES

The most important internal variables of any adaptive FIR
filter are the coefficient values being updated at each time
instant and the stored input signal samples used to compute
the output and error signals from the coefficients. All but
the simplest gradient methods, however, have additional
state variables that specify the adaptive filter’s current op-
erating point. For example, all direct-form least-squares
adaptive filters have state variables associated with the up-
dating of the Kalman gain vector, such as the inverse of the
exponentially-weighted input signal autocorrelation matrix.
In some cases, the numbers of these internal variables is
large; for example, the FAP algorithm has 3L + 10N — 8
such internal variables for an L-coefficient filter and a pro-
jection order of N. Keeping track of these variables and
their values can be problematic without a systematic pro-
cedure for handling them within the toolset. In addition,
certain algorithms, such as the fast transversal filter, require
special care in the initialization of their state variables or
divergence will occur.

As part of the adaptive filters toolset, we have devel-
oped a set of initialization routines for each adaptive filter.
These programs create a structure variable for the adap-
tive filter that includes placeholders for all necessary state
information for the adaptive filter’s operation. Wherever
possible, we have also included default values that repre-
sent the most-neutral choices for their values. For example,
when calling the FAP algorithm, one only needs to spec-
ify i) the initial coefficient vector, ii) the step size, iii) the
projection offset, and iv) the (N — 1)th-order input signal
cross-correlation vector whose length determines the projec-
tion order. The help resources for this function suggest an
all-zero vector for this cross-correlation vector as well. The
initialization of the sliding-window FTF algorithm embed-
ded within the FAP algorithm is built into the initialization
routine. At any time during the adaptive filter’s operation,
the values of these various states are accessible as well, al-
lowing one to track diagnostic information if needed.

The use of a state variable structure also allows one to
handle memory issues with care when local memory is at a
premium. Every adaptive filtering routine has been tested
to run in a block fashion, where the input and desired re-
sponse signals are parsed into blocks and the adaptive filter
successively processes each block.
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Fig. 4: Execution times for the AP, AP2, and FAP algo-
rithms as a function of projection order over 10000-sample
signal sets, where L = 100.

5. PERFORMANCE RELATIONSHIPS

Many signal processing experts use MATLAB to prototype
systems and methods. The execution time associated with
a typical numerical procedure is a primary concern in such
explorations; one doesn’t want to waste time waiting for nu-
merical results to become available. Our adaptive filtering
tools have been designed to provide the fastest execution
time possible without going to extreme steps such as loop
unrolling. We also have provided several implementations
of a particular approach wherever possible to allow the user
a choice of algorithms.

Fig. 3 shows the execution times of six different RLS algo-
rithms as a function of filter length over 2000-sample signal
records on the aforementioned 700MHz laptop computer.
All algorithms give identical behavior up to numerical er-
rors with an equivalent initialization and a unity forgetting
factor. While the O(L) stabilized FTF algorithm is more
efficient for longer filter lengths (L > 26), both the conven-
tional RLS and (square root) Householder RLS algorithms
run faster for shorter filter lengths and are to be preferred
over the “faster” FTF algorithm if MATLAB execution time
is of primary concern.

Fig. 4 shows the execution times of the AP, AP2, and FAP
versions of the affine projection algorithm as a function of
projection order N for an L = 100-tap filter over 10000-
sample records. In this example, the “brute force” O(N?)
version of the algorithm runs the fastest for N < 15, and
the O(N?) version of the algorithm runs the fastest for all
projection orders between N = 15 and N = 50. The O(N)
FAP algorithm version requires the most execution time
in all cases. Thus, unless specific issues regarding the nu-
merical behavior or initialization of the FAP version of the
affine projection algorithm are under scrutiny, the “more-
complex” versions of the algorithm are to be preferred.

Fig. 5 shows the execution times of the LMS, BLMS,
and BLMSFFT adaptive filters as a function of filter length
on 81920-sample signal records. Here, we have chosen
block sizes equal to the filter lengths, such that BLMS and
BLMSFFT perform the same. The implementations, how-
ever, allow for block sizes that differ from the filter lengths.
In the case of the BLMS algorithm, the choice of filter length
L and block size N are completely arbitrary, whereas the
BLMSFFT implementation requires that L+ N be a power
of two. For small step sizes and stationary signals, the con-



10 T

O LMS

o Block LMS (filter) o
% _Block LMS (FFT)

i
S
T
o
I

=

=R
T
o]
o

Execution time over 81920 samples [sec]

.
S
T
=23
g
a
a
*
I

10° : 11‘)2 u‘f 10
filter length L

Fig. 5: Execution times fogr the LMS, BLMS, and

BLMSFFT algorithms as a function of filter (equal to block)

length over 81200-sample signal sets.

10

4

vergence behaviors of all three algorithms are similar [22].
Except for L = N = 2, the block algorithms run faster.
Moreover, the speedup is significant as L and N are in-
creased. The speedup of the BLMS algorithm is particularly
useful given the freedom with which L and N can be chosen,
allowing the user to employ BLMS in a “fast prototyping”
design procedure. In this procedure, the BLMS algorithm
is used to choose approximate values of L and the algorithm
step size given candidate input and desired response signals
and a small block length N. Then, the LMS algorithm can
be employed to fine-tune the algorithm’s behavior and to
verify the adaptation performance.

6. DEMONSTRATIONS AND EXAMPLES

When first learning about adaptive filters, it is useful to
have a set of practical examples that illustrate the main
application areas of adaptive filters. These examples are
essentially specified by the choice of the input and desired
response signals, as any adaptive FIR filter is defined by
these signals and the chosen parameters. In this adaptive
filter toolset, two types of examples have been incorporated:

e Every adaptive filter function has an associated simple
example contained within the help resources for the
adaptive filter. This example consists of a series of
commands that when run within MATLAB (1) generate
the input and desired response signals, (2) specify the
adaptive FIR filter parameters, (3) apply the adaptive
filter to the generated signals, and (4) plot quantities
related to the performance of the adaptive filter.

e Demonstrations illustrating the use of the adaptive fil-
ter toolset in well-known signal processing tasks are
also provided. At the time of publication, these demon-
strations included (i) acoustic echo cancellation, (ii)
adaptive equalization, (iii) adaptive noise cancellation,
(iv) adaptive line enhancement of speech, and (v) ac-
tive noise control.

Fig. 6 shows one of the simple examples contained within
the help resources for the adaptive filters toolset. This ex-
ample depicts a baseband adaptive equalization task, in
which the input signal is a complex-valued 4-QAM signal
with pseudo-random real and quadrature components. The
complex-valued channel used in the example is described by
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Fig. 6: Adaptive equalization example for the TDAFDFT
algorithm. (a) Real-valued component of the error signal.
(b) Imaginary-valued component of the error signal. (c)
Scatter-plot of the last 101 samples of the input signal. (d)
Scatter-plot of the last 101 samples of the output signal.

the transfer function

—jr/4 —0.7 + Z_l —16

H(z) ¢ 1-07z-1° (1)
in which a 16-tap delay has been introduced to improve
the equalizer’s convergence performance. The desired sig-
nal is generated as the output of the above channel when
corrupted by complex-valued uncorrelated Gaussian noise
whose real and imaginary components have identical vari-
ances of 0.01. Shown in the upper two windows of this
figure are the errors generated from the TDAFDFT algo-
rithm on one realization of these signals, where a 32-tap
filter has been used. As can be seen, both the real and
imaginary components of the error signal converge to small
values. The lower two windows show scatter-plots of the
input and output signals of the adaptive filter, respectively,
for the last 101 samples of both signals in the simulation.
The ordered nature of the output signal scatter-plot illus-
trates that equalization has been obtained.

Fig. 7 shows the behavior of the sign-error algorithm as
applied to an adaptive line enhancement task. The desired
signal for this example is generated as

d(n) = sin(0.17n) + n(n), (2)

where 7(n) is a real-valued pseudo-random Gaussian noise
sequence with unit variance. A 32-tap adaptive filter in a
one-step linear prediction structure is employed to extract
an estimate of the sinusoidal signal in the adaptive filter’s
output. Shown in the upper portion of the figure are the
original desired response signal, the adaptive filter’s output
signal, and the clean sinusoidal signal over the last 101 sam-
ples of the 5000-sample simulation. The similarity between
the adaptive filter’s output and the clean sinusoid indicate
that the adaptive line enhancer is functioning properly. The
lower portion of the figure shows the power spectra of the
desired and output signals, respectively, over the last 1000
samples of the simulation. Like its namesake, the adaptive
line enhancer enhances the sinusoidal “line” within the sig-
nal spectrum, effectively reducing the noise power in the
system’s output.



Adaptive line enhancement of a noisy sinusoidal signal
3 T T T T T T T

Observed
2+ — - Enhanced
—— Original

signal value

—3 I I I I I I . . .
4900 4910 4920 4930 4940 4950 4960 4970 4980 4990 5000
time index

20 T

Observed
—— Enhanced

o

Power Spectral Density
T
S S

|
@
S

frequency [rad/sample]
Fig. 7: Adaptive line enhancement example for the sign-
error algorithm. (a) The original noisy sinusoidal signal,
the output of the adaptive filter, and the noiseless sinu-
soidal signal. (b) Power spectra of the desired response and
adaptive filter output signals.

7. CONCLUSIONS

Adaptive filters are important signal processing tools. This
paper describes a comprehensive adaptive filter toolset de-
veloped for the MATLAB technical computing software pack-
age. The toolset includes adaptive filter functions, analysis
functions, examples, and demonstrations. Great care has
been taken to make the toolset easy to use for the novice
yet powerful and flexible enough for the expert. It is hoped
that the capabilities contained in this toolset will enrich
on-going developments in the adaptive filtering field.
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