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Bussgang Blind Deconvolution for Impulsive Signals

Heinz Mathis and Scott C. Douglas, Senior Member, IEEE

Abstract Many blind deconvolution algorithms have been de-
signed to extract digital communications signals corrupted by in-
tersymbol interference (1Sl). Such algorithms generally fail when
applied to signals with impulsive characteristics, such as acoustic
signals. While it is possible to stabilize such proceduresin many
cases by imposing unit-norm constraints on the adaptive equal-
izer coefficient vector, thesemodificationsrequirecostly divideand
square-root oper ations. I n thispaper, weprovideatheoretical anal-
ysisand explanation asto why unconstrained Bussgang-type algo-
rithmsaregenerally unsuitablefor deconvolvingimpulsivesignals.
We then propose a novel madification of one such algorithm (the
Sato algorithm) to enable it to deconvolve such signals. Our ap-
proach maintainsthe algorithmic simplicity of the Sato algorithm,
requiring only additional multiplies and addsto implement. Suffi-
cient conditionson the sourcesignal distribution to guaranteelocal
stability of the modified Sato algorithm about a deconvolving so-
lution are derived. Computer simulations show the efficiency of
the proposed approach as compared with various constrained and
unconstrained blind deconvolution algorithms when deconvolving
impulsive signals.

Index Terms Blind deconvolution, blind equalization, con-
stant-modulus algorithm, impulsive signals, Satos algorithm,
super-Gaussian signals.

I. INTRODUCTION

LIND deconvolution is a signal processing task that is

important for several applications. In broadcast communi-
cations, blind deconvolution can be used to remove intersymbol
interference (1SI) without devoting channel capacity to em-
bedded training sequences [1]. In teleconferencing, blind
deconvolution can be used to remove reverberation effects from
speech signals for which no training signals are available [2].
Fig. 1 shows the general blind deconvolution task in which
the source signal s; is filtered by an unknown transmission
channel, which is denoted by A(z) with unknown impulse
response hy, 0 < t < o0.

The received signal z;, which is given by

Ty = Z hisi—i + Ny D
k=0

contains mixtures of the source signal elements at humerous
lags plus additive noise, which we will neglect for the moment.
The goal isto undo the mixing process by a linear filtering

operation, whichisdenoted by w(z) inthefigure. For simplicity,
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Fig. 1. Blind deconvolution system.

we will approximate the deconvolution filter by the FIR model

L
Uy = Zwkxtfk. (2)
k=0

The blind deconvolution task is solved if
Up = €S¢_g 3

whereeisanunknowngain, and d isanunknowninteger delay. In
such situations, the original source signal isrecovered in the de-
convolution system output, except for perhaps an arbitrary gain
and delay. To solve the blind deconvolution task, an iterative al-
gorithmis applied to the coefficients {w;, } to adjust them to the
vicinity of adeconvolving solution. Inthesequel, wewill employ
avector notationtorepresent certainfiltering operations, suchthat
wr.]T isthetime-varying coefficient vector,
71T istheinput signal vector, and

A
wy = [U)Ot wit -

A
Iy = [IEt Tt—1 -+
Uy = 'U’tTZt 4)

is the deconvolved output signal at time ¢.

The Sato algorithm was one of the first blind deconvolution
proceduresto appear in the signal processing literature[3]. This
agorithm remains quite popul ar today, having becomeknown as

the decision-directed algorithm for blind equalization of BPSK
signals[4]. The coefficient updates for the Sato algorithm are

wip1 = wy + p(ySgN(ur) — up) T )
where sign(u.) is one if u; is positive, zero if u, is zero, and
(—1) if us isnegative. The coefficient -y, which is known as the
dispersion constant, controls the output scaling of the extracted
signal and is normally computed as
E{s?
NG ()
EA{]s]}
The parameter 1 controls the convergence performance of the
agorithm and is normally chosen to be positive. The Sato al-
gorithm can be viewed as a stochastic-gradient procedure for
minimizing the cost function

J(w;) = E {(vsign(us) — ue)’}
=E{(lw| — )%} (7)

The Sato algorithm can be seen as one version of the Bussgang
family of blind deconvolution algorithms that also includes the
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Godard and constant modulus algorithms (CMA) [5], [6]. Each
of these algorithms can be written in the general form

w1 = wy + (g1 (ue) — ga(ue))xy (8)

where g1 (u) and g2 (u) are nonlinearities with specific, usually
monomial, forms. It should be noted that the global convergence
behavior of the Sato algorithm is largely unknown, whereas
much is known about the constant modulus algorithm and its
properties. In particular, CMA is known to be globally conver-
gent to avalid equalizing solution for adoubly infinite equalizer
filter for negative-kurtosis source sequences [16].

It is well-known that many Bussgang-type adaptive al-
gorithms perform well when deconvolving communication
signals. The ability of any Bussgang algorithm to perform
deconvolution depends on the amplitude distribution of the
source sequence and the choice of nonlinearities g;(u) and
g2(u) within the coefficient updates. For impulsive signals,
such as many common acoustic signals in seismic and audio
signal processing, such methods often diverge, making them
inappropriate for more general tasks such as acoustic derever-
beration and geophysical exploration [2], [15]. The work in
[15] is noteworthy in that Bussgang methods in batch form
are described with specific application to impulsive signals.
One possible remedy for sequentia or online versions of this
algorithm class has been suggested by Benveniste et al. [7].
Their approach employs a prewhitening stage followed by a
unit-norm-constrained coefficient vector adaptation procedure.
Such a solution complicates an otherwise simple adaptive pro-
cedure through additional processing stages. In [8], Shalvi and
Weinstein study a constrained kurtosis maximization method
for blind deconvolution and describe two different gradient
adaptive algorithms for this task. The first method imposes
unit-norm constraints on the coefficient vector and requires
a divide and square root at each iteration to implement. The
second method employs a modified cost function that combines
second- and fourth-order criteria whose successful design
depends on the sign of the source kurtosis. Both methods are
globally convergent to an equalizing solution in the absence of
noise; however, their performance, when applied to impulsive
signals, is often poor due to the fourth-order moments used
within the deconvolution criterion.

The use of unit-norm coefficient vector constraints for Buss-
gang blind deconvolution of impulsive signal shasbeen proposed
in [1] without an explicit analysis of why such constraints are
useful for thetask. Thiswork also presents Bussgang algorithms
employing optimum nonlinearitiesthat havethe general form

/
Wil = Wy + 1 (Ut + pS(Ut)> Ty )
Ps (ut)

where ps(s) is the probability density function (pdf) of the
source sequence s;, and p’,(s) is its corresponding derivative.
Such algorithms can be shown to be statistically efficient in
their deconvolution capabilities [1] as long as they are locally
stable about a deconvolving solution. To our knowledge, no
simple algorithms for general-form (i.e.,, nonkurtosis-based)
unconstrained Bussgang blind deconvolution of impulsive
signals have been described in the scientific literature.
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In this paper, we provide a theoretical justification as to why
a class of unconstrained Bussgang blind deconvolution algo-
rithms fail to deconvolve impulsive signals from their filtered
measurements. Our results are quite general in that arbitrary
monomia forms of ¢;(u) and g2(u) in (8) are considered
so that both the Sato and constant modulus algorithms are
included within this algorithm class. We then provide a novel
modification of the Sato algorithm to enable it to deconvolve
impulsive signals. Our modified version is computationally
simple; it avoids signal prewhitening, divides, and square roots
and increases the complexity of the aready-simple Sato algo-
rithm by a fixed number of multiplies and adds, independent
of the equalizer length. We determine sufficient statistical
conditions to guarantee local stability of the algorithm about
a deconvolving solution. Computer simulations indicate that
the modified Sato algorithm is more efficient in deconvolving
Laplacian-distributed source signals than the unconstrained
Shalvi Weinstein algorithm in moderate SNR, and it provides
nearly identical performance to a unit-norm-constrained Buss-
gang method without divides or sguare roots.

Il. STABILITY OF BUSSGANG ALGORITHMS

Wewill study the local stability properties of Bussgang algo-
rithms to determine their capabilities in extracting signals with
various distributions assuming a noise-free channel. Local con-
vergence is often enough for tracking purposes of an adaptive
algorithm. The global stability properties of general-form Buss-
gang agorithms is not considered and remains a challenging
research topic. The procedure used for this analysisis the lin-
earized ordinary differential equation (ODE) approach. For ad-
ditional details on this method, see [9].

To analyzethelocal stability properties of (8), we expressthe
deviations of the deconvolution coefficients from their optimal
values as

WE = wk,opt + Ak (10)

The output of the deconvolution block

Ut = Oy St—d + Z Akxt—k (11)
k

is adelayed and scaled version of the original signal sequence
perturbed by convolutive noise, where o, allowsfor adifferent
output energy. We will assume a two-sided infinitely long
deconvolution impulse response in order to circumvent prob-
lems with filter truncation. The summation limits of the last
section are therefore changed to +oo. The perturbation vector
A2 [A_oos -v vy Aoy o .., Aso]T now propagates similarly to
(8) as

Avpr = A+ p(g1(ue) — ga(ur)) T

- At + 12 <91 <0_11,3t—(1 + Z Akxt—k>
k
- 92 <0'u<9t—d +) Akxt_k)> . (12
k
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where we have used (11). We now approximate the nonlineari-
ties g1 (+) and go(+) by their respective first-order Taylor series
about 0,5 4:

9{1,2} <0u8t—d + Z Akl‘t—k)
K

~ g9{1,2} (Uustfd) + 9%172}(0'u5tfd) : Z AV, P (13)
k
Using (13) in (12) and taking the expectation on both sides
yields

E{Ai1} = E{A} + pE{(91(0ust—a) — g2(0usi—a)) Tt}

+uk {(011 (UuSt—d) - .QIQ(UuSt—d)) ZAkl't—k-'Et} . (1%
k
At a stationary point of the update equation given by (8), we
have

E{(g1(0ust—a) — g2(0ust—a)) 2t} = 0. (15)

This condition aso determines the output power so that we are
left with the last term in (14), which is the difference of the
derivatives, as the driving term. Employing the ODE method
on the above update, we obtain

dA
— = uAA.
a "
The elements of the transition matrix A are obtained by looking

at

(16)
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Thus, the matrix A = A; may be expressed as (20), shown at
the bottom of the page, where the nonlinear moments are given
by

Co 2 E{(4(0us) — g5(0us))s?} (21)
G 2 E{g)(0us) — gh(0us)} E {Is]*}
= E{g}(0us) — g(0us)}. (22)

The last equality in (22) stems from the unit-variance assump-
tion. Alternatively, A; may be written as

[A1]ix =G Z hjyr—ib; + (Co — C1)ha—iha—r
J

(23)

The matrix A isboth infinite dimensional and symmetric. Sym-
metric matrices havereal spectra. Thus, the corresponding ODE
is locally stable if the spectrum of A is dways negative. By
defining the channel matrix

i,k=—00,...,0,..., cc.

ha  hat1  hate
H=2 haoi  ha  hast (24)
ha—2 hq—1  hq
and the channel vector b 2 [..., hay1, ha, ha1, ... |7, re-

spectively, we can formulate A as a sum of an autocorrelation

dA; matrix and an outer product
dt =ukE {(gll (Just—d) - gIZ(UUSt—d)) Z Aka;t—kxt—i} P _—
k i A=(GH"H+ (¢ — G)hh . (25)
(17) The bar in h indicates the reverse order of its elements com-
=uE{ (91(0usi—a) — 95(0usi—a)) pared with t_heusu_al defini_tion (_)f avec_tor. Asan infir_1ite~di men-
sional matrix, H is Toeplitz with al its corresponding proper-
ties, and the eigenfunctions of H are given by the basis func-
) Z A Z hi Stk Tr—; (18) tionsof the form e—f.“’k for each row of H [10]. Hence, if the
= ; channel transfer function hasno spectral nulls, H |sgon5| ngular,
and thus, H” H is positive definite. Thematrix h k" is positive
=uFE { (g1(ousi—a) — gh(ousi—a)) semidefinite with arank of one. Sufficient conditionsfor ;1A to
be negative definite are therefore
<0 26
. Z Ak Z h]-st_k_j Z hlst_,;_l . (19) MCI ( )
k j I néo < pdy. (27)
Cohd 1+ Z h3 Cohahay1 + Clz hihj1 Coha—1hayr + G Z hjhjis
jAd+1 j#d j#d-1
A = Cohahat1 + G Z hj_1h; Coh3 + Clz h3 Coha—1ha + C1 Z hjhji1 (20)
j#d+1 j#d jAd—1
Cohda—1ha+1 + G Z hj—oh; Cohda—1ha + CIZ hj_1h; C0h3_1 + G Z h?
J#d+1 j#d JjFd—=1
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Many Bussgang-type algorithms can be written as a difference
of two polynomials

wiy1 = wy + p(asign(ug) [ug [P — sign(ug)[ue| )z, (28)
which is simply a special form of (8), with

g1(u) 2 asign(uw)|ul? (29)

g2(u) = sign(uw)|ul?. (30)

Note that the scaling factor a allows an adjustment of the output
power at the stationary point. The respective nonlinear moments
for some known Bussgang equalizers are summarized in Ta-
bles| (genera output power) and I (normalized output power),
respectively. The output power o2 can be obtained from the
evaluation of the stationary point, which is given by the third
column of Table |. The resulting conditions for stability are
given in Table Ill.

Inthefollowing, we are going to show that for Bussgang-type
algorithms of the form given by (28), sufficient stability condi-
tions can be decoupled with respect to ¢, and ;. To this end,
we need the following result from Lot ve [11]:

LEmMA 1

E{|$|01}E{|$|b7a1} > E{|x|a2}E{|x|b7a2}

0<aq <(12§b/2. (31)

A proof of thiscan befoundin [12, p. 343]. Using Lemma 1
allows us to derive the following result:

COROLLARY 1
E {|x|m+1}
E {|z|m~1}
m Dz (.).

Proof: Bysettingbé 2m+9, a1 ém—l, as ém—l—(S—l,
with ¢ being apositivereal number, 0 < 6 < 2, and rearranging
(31), we get

E{|$|m+5+1} E{|$|m+1}
E{|z[mto-ty = E{|z[m1}

(32)

from which we conclude that E {|z|"*'} /E {|z|™'} isa
nondecreasing function in m. O
We are now ready to show the following:

LEMMA 2

(33)
(34)

p¢ <0
pco < 0.
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Proof: For the nonlinear moments of (28), we get, by
using (21) and (22) and still assuming unit-variance source
signals

Co= apo,ﬁ*lE {|s|p+1} — qcrqulE {|s|q+1}

(= apo{:_lE {|s|p_1} — qog_lE {|s|‘1_1} .

(35
(36)
From the evaluation of the stationary point of (28), we get

1/(a—p)
E p+1

E{Jsl777) &7

Thus, using (37) in (35) and (36), we have

E {|s|r+! }(q—l)/(q—z’)

— ,(a=1)/(a—p) ~
v E {|s|a+1} D/ a=p) (p—q) (38

+1(a=1)/(a—p)
(a-1)/(—p) {1517}

GL=a E{|3|q+l}<l’_1)/(‘l—1’)

S, ELsPT  E{ls
(p E{sp+1} 1 E{|s|q+l}>

as already listed in Table |. The scaling factor ¢ must be posi-
tive; otherwise, no equilibrium can be reached. Assume for the
time being that 1 > 0. In order for ¢, to be smaller than zero,
we must choose p < q. Inside the bracket term of (39), p gets
multiplied by an equal or higher valuethan ¢ dueto Corollary 1,
whichimpliesthat £ {|s|™~*} /E {|s|"™ "'} isanonincreasing
function in m (reciprocal). Thus, we have

(39)

wCo < puCy- (40)
A similar argument can be made for negative u; we end up with
the same inequality (40). O

IIl. GENERALIZED GAUSSIAN DISTRIBUTIONS

Now, let us have a closer look at the algorithms provided in
Tablel. Thefirst three algorithms are known to be stable update
equations for sub-Gaussian signals. Sub-Gaussian signalsare a
class of distributions whose pdf is of the form

ps(s)

- X Usl/B
207 (%)

(41)

with « > 2 and 8 some constant. On the other hand, signal
distributions given by (41) with 0 < «a < 2 are called super-
Gaussian. We now prove that for such distributions, e.g., Lapla-
cian distributed signals (e = 1), Bussgang-type algorithms fail
to provide local stability. Our proof usesthe following interme-
diate result:

LEMMA 3

0<a<?2 p<yq

re2) r

(42)
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TABLE |
NONLINEAR MOMENTS FOR DIFFERENT BUSSGANG-TYPE DECONVOLUTION ALGORITHMS. ASSUMPTION: 2
alg. | update term | at stationary point [ o [ G
Sato +p (ysign(u) —u) YE{|s|} =0y =0 -1 2.5 g -1
ou = vE{|s|}
CMA | +p (Rgu—u3)a: Rzou—agE{|sl4} =0 | —2R, R, (1_ (g 11 })
R
Tu = \/ By
1 2p=2 zp_-:_ZE » 2;2
Godard | +4 (Rpw?™! —u~!) & | Rpok™ E{|sP’} ~pR,” - =2
— o TE{|s|?*}=0 E{js|?>?} 7
2p—2
_ E? sPt‘ JE{slP} 7 . _ Ej|3|”_2t
Ou = R‘PE s|4P E{Mb}% ((p 1) E{s[P
E{|s|?P—2
—(2p - 1)_Etﬂ?l"ﬁl)
1 1 p+1 L=
— = q9-p
general | +u(asign(u)lulP achE {|s|P*'} (p— q)ais. |aip AT
—olE {|s|**'} =0 E{lsjo+1}a=p
. -1
. q E{|s|pt! q-p E lSIP-H 3‘:5 E{|s|P—1 E |3|q—1
—31gn(u)|u| ):l: Ou = | C BTGl : =1 "\ PELP E{[s]e
E{|s|e+1}a=p

TABLE I

NONLINEAR MOMENTS FOR DIFFERENT BUSSGANG-TYPE DECONVOLUTION ALGORITHMS. ASSUMPTION:
FACTOR RESULTING IN 2

2 AND PROPER CHOICE OF SCALING

2

algorithm l scaling constant I o l G
Sato ot -1 2549 —1
7= BT E{]s
CMA Ry =E{|s|*} | —2E {|s|*} E{|s|*} -3
Godard | Ry =St | —pE{Is%} | - DHEE (s} - 20— DE {1s1)
general a= % (p—q)E {|s|***} p%ﬂ%{;—;}E {lslP~1} — qE {|s|*~"}

TABLE 11
STABILITY CONDITIONS FOR BUSSGANG-TYPE DECONVOLUTION ALGORITHMS

algorithm | stability conditions

Sato u>0, 2yp,(0)<1
CMA pw>0, Kg4<0
Godard >0, (<0
monomials | up <0, u¢; <0

Proof: We have to show that for

a T (=8)
f(m) = T () (43)
we have
f'(m) £ df (m) >0 0<a<?2. (44)

We define

2—«
o

12

) O<a<?2

>0, (45)

and make use of the recursive property of the Gamma function

to note that
()= (e = (G eo)r (T ).
(46)

Using (46) in (43) and taking the derivative with respect to m
leads to (47), shown at the bottom of the next page. Using (cf.
[13])

m + 2
«

(48)
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with
é’()é—C—— i (49)
) = a:—}—n
where C' is Euler s constant, we can write
I (2 +9)
! _ o
Fm = )

(GGG +)-€(T)-2) e
which leads after some calculation and using (49) to
F(%-I-(S) m? + dam

Y R
— ato — £
'(;n(%+6+n) _;n(%Jrn))' D

Thefirst two factors of (51) are positivefor 0 < o < 2, and the
difference of the two sumsis

~+0
nz::l +6+n nz::
= i 0 >0 (52
m(Eto+n) (2 +n)
making f'(m) positivefor al m > 0. O

We can now show that Bussgang-type algorithms generally
do not work for super-Gaussian signals.

LEMMA 4

wip1 = wy + p(asign(ug)|ue|P — Sign(ue ) |ue|?)z,  (53)

p q

Proof: Due to Lemma 2, the nonlinear moments ¢, and
(1 need to have the same sign. Then, stability can be controlled
by proper choice of the sign of the step size ;1. Without |oss of
generality, we assume that p < ¢, which makes {, < 0, as can
be seen from Table |, but due to Lemma 3, we note that
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IV. ALGORITHM MODIFICATIONS

Given that Bussgang-type algorithms fail to deconvolve
impulsive signals, a simple modification to such procedures
that enables their use would be highly desirable. Our goal is
to modify the coefficient updates to drive the length of the
coefficient vector w; to a constant value, where this constant
can be potentialy source or channel dependent. We propose
to modify the Bussgang update in (8) by inserting terms
proportional to the squared L,-norm of the coefficient vector
within the updates

(55

where ||w||?> = wTw and p and § are even-valued integers. Note
that such modifications do not significantly increase the com-
plexity of the update. In fact, it is straightforward to compute a
scalar-only update to ||w;||* as

llwel|* + 20(]|wel|P g1 (ue) —

wer1 = we + pllwelPgi(ur) = [lwe[ g2 (ur) )z

||wt||a.(/2(ut))ut

[we]|g2(ur))*re  (56)

||wt+1||2 =
+ 1% ([Jwe| [P g1 (ue) —

where r; can be updated as

- x%—L—l' (57)

Hence, complicated procedures such as prewhitening and di-
vides are avoided. The design goal isto choose p and ¢ so that
the corresponding algorithm is locally stable. Performing this
design requires us to repeat our analysis procedure for (55).

By approximating

B/2
lw+ AP = (Z (wy + Ak)2>

k
~ o + pllwlf > 3w A
k

2
Tt =Ti—1+ Xy

(58)

the first-order Taylor series approximation of the scalar part of
the update term becomes

||w||i)gl <Uu5t—d + Z Aixt—i)
i
- ||w||692 (U'ust—(l + Z Aizt—i>
i

~ ||w||i)gl(0'u3t—d) + ||w||pgl1(0'u5t—d) Z Az

%

+ p~||'l”||]3_2 Z A'iwigl (Uql,st—(l)

P (%) _ al'(3) : i
r(e2) () &9 ~lollga(ousi-) = ol ghlouse-a) 3 A
making (1 > 0 (see again Table |), thus enforcing a different — Gllapla—2 Wi Go(TuStd)-
signof Cll 0 (IHw” zi:AzwzQZ( uS d) (59)
o [(EFOT(E+0)Y
! W‘( e (2)
_ O+ + @+ (R +8) 20 (5) - T (R) + 2l (2)) (B +8T (2 +9) @
T2 (7]
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Theadditional factors ||w||P and ||w]|? in (55) shift the stationary
point of this update such that the output power o2 depends on
and g. At the stationary point, we get

E{(Ilwl”g1(ousi—a) = [wlg2(0use—a)) 2.} =0 (60)

where the power of the output signa is given by the combined
transfer function of the channel, and the equalizer as

oo = llw = h|*o3 = |lw =A%,

(61)

Equations (60) and (61) define a system of equations for the
two unknown o, and ||w||?. Going through asimilar analysisas
before, we obtain the ODE

dA
where A, is given by (20), and
Gihayiw—1 Cihayiwo  Crhapiwi
Ay = Crhaw_1 Crhawo Crhqwy
Ciha—iw_1 C(hg_1wy Chg—1w:
' (63)

The nonlinear momentsin A; are now different from the ones
given by (21) and (22)

A ~ -~
Co = [[wlPE {gi(ous)s’} — [w||E {g5(0us)s}
A B :
G = lwlPE{gi(ous)} — lwl|"E {g5(ous)} -
Furthermore, we have introduced

G 2 pllwlP2E {91(0us)s} — qlwl| " 2E {ga(ous)s} . (66)
The short-hand notation leads to

[Alir = G [Z hj+k_ihj]

+C [ha—iwk);, ,

Although A; is still a symmetric matrix, A is no longer
symmetric. Assigning the equalizer vector w 2 [.., w_q,

(64)

(65)

+ (G0 = C1) [ha—iha—rl;
ik

i, k=—00,...,0,

(67)

wo, wy, ...|T, we can write A as
A=GHTH+ (G - Q)RR +GhwT  (68)
—GHTH +hh" (69)
where we have defined
h2 (¢ — G+ Cw. (70)

Although the two last terms of (68) contain two outer products,
thesum hastill rank oneand, thus, hasonly one nonzero spectra
owing to the outer products sharing the same column vector.
—~ T, . ... . .. . .
Hence, hh  iseither positive semidefinite or negative semidef-
inite with an impulsive spectrum. Its definiteness depends on

A= tr (EET) —h k. (72)
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The first part of (62) requires

né1 < 0. (72)
For a negative semidefinite expression for the second part of
(62), we must ensure that
— T~ T — ~

ph”h = ph” ((Co — C1)h+ Gw <0. (73)
Without loss of generality, we can restrict the channel response
to unit energy, and thus, k' k = 1. We designate Wopt aSthe
solution of the equalizer coefficients that perfectly inverts the
channel b, i.e., ETwopt = 1, so that the output power is o2 =
|h % wopt||* = 1. Because we have added a norm factor in
the update eguation, we can no longer expect the output power
o2 to be controllable purely by adjusting the gain parameter a.
Moreover, o2 depends on the channel impul se response or, more
accurately, on the norm of the equalizer impulse response that
inverts this channel. The equalizer taps are adjusted to a scaled
version of wept
(74)

W = OyWopt -

Subsequently, we also have

[w]|™ = o [[wop ™ (75)
Therefore, the convolution of the channel impul se response and
the equalizer impulse response yields

Bw=o0,.

(76)
Hence, the second condition for negative definiteness of A is

1(Co — €1 + Croy) < 0. (77)
For a modified version of an agorithm according to (55), (72)
and (77) are sufficient conditionsfor local stability. In summary,
the first stability condition, which is given by (72), stays the
samefor the algorithm modification, although the nonlinear mo-
ment {; changes. We can satisfy (72) by a proper choice of the
sign of the step size . If this choice results in the failure of the
previous second stability condition as given by (34), we have
now an additional term (3 in (77) to stabilize the algorithm.

V. EXAMPLE: MODIFIED SATO ALGORITHM

In the following, we look at a specific design example for
a modified Sato algorithm in more detail. More examples and
modifications for general Bussgang-type algorithms are given
in[14].

Suppose that the first stability condition of the Sato algo-
rithmin (26), i.e., u(2ps(0)/E {|s|} — 1) > 0, isnot satisfied
for a particular signal distribution and any positive value of 1.
Clearly, we can satisfy this condition by choosing a negative .
Such a choice causes the norm ||w;|| to fail to converge since
the second condition, i.e., (27), is no longer satisfied. We can
modify Sato s algorithm by appending the norm factor ||lw||? to
the update equation to get

w1 = we + p[|w||PySign(ue) — ug)zy. (78)
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By determining the stationary point of (78) and using (75), we
obtain

Tu = |[wope [P/ =) (v E {]s|}) /D) (79)
and the norm relation
[w]|™ = [[wops ||/ =P (vE {|s|H)™ P . (80)

In order to test this modified algorithm for local stability, we
need to compute the nonlinear moments. Using the definitions
in the previous sections and the fact that the mode of a pdf is
inversely proportional to its standard deviation, we get

Go=-1 (81)
(1 = [lw|[P2yp.(0) — 1
ST O
Ou
= [Jwope [P/ ) (vE {]s[})P/ P
- 27 ps(0) _
wope [P/4-) (1 {]s[})"/ 77
2p,(0)
N Bl 82
E{|s]} (82)

Crow = pllwl|P~2y E {|s]} o,
= Pllwope|| P~/ 0P (vE {|s|})(’~”2)/(1*f’)

B {31} lwopel /77 (4B {s[1)/ 77

= pllwop| 7. (83)
For negative p, the stability condition in (72) now means
2ps (0)
>1 (84)
E{lsl}

which is exactly the contrary of the stability condition of the
original Sato algorithm, whereas the stability condition in (77)
can be written as

E{|s[}
2ps(0)

These conditions allow for the deconvol ution of super-Gaussian
signals as long as the optimum coefficient vector is not overly
long. It should be noted that these stability conditions are suffi-
cient but not necessary due to our use of overly stringent con-
ditions on the components of matrix A. Moreover, the results
indicate that some knowledge of the source sequence distribu-
tion isrequired to design the proper algorithm. This situation is
similar in spirit, but not exactly identical, to the cost function
design method used in [8] to obtain a globally convergent blind
deconvolution method without using unit-norm equalizer filter
length constraints.

[wopt||* < 7 (85)

VI. COMPUTER SIMULATIONS

A. Channel Model

The channel model used in this section for the computer sim-
ulation of a modified Bussgang-type algorithm for a Laplacian
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Fig. 2. Channel model for simulation of extended Sato algorithm. (Top left)
Zero-pole plot. (Top right) Frequency response (magnitude). (Bottom left)
Impulse response. (Bottom right) Frequency response (phase).

distributed source signal is a seven-tap FIR filter with the im-
pulseresponseh(z) = 0.4+271—0.7272+0.62724+0.327*—
0.427° 4+ 0.1z~ 5. Its properties are depicted in Fig. 2.

B. Smulation Results

Computer simulations have been carried out to verify the
stable behavior of the modified Sato al gorithm for deconvolving
super-Gaussian, in this case Laplacian, signals. It is important
to note that in this case, the modified Sato algorithm resembles
the Bussgang algorithm with optimum nonlinearity given by (9),
where —p’.(u)/ps(u) isproportional to sgn(w) for the Laplacian
distribution. For this reason, we expect our modified Sato algo-
rithm to outperform methods that are based on other criteria,
such as kurtosis-maximization methods, in terms of statistical
efficiency. Four different simulation types have been performed,
as we now describe.

In the first simulation, we compared the original Sato
algorithm with the sign of update term reversed, the modified
Sato algorithm proposed in this paper, and the unconstrained
Shalvi Weinstein algorithm (SWA) for one typical run when
moderate channel noise is present, resulting in a received
signal-to-noise-ratio of SNR = 30 dB. The step size was
chosen as 1 = 0.0006 for both Sato algorithms, and the step
size for the SWA algorithm was chosen as ¢ = 0.00017. A
24-tap FIR filter was chosen as the blind adaptive equalizer
filter. The exponents of the norms in the modified Sato algo-
rithm were chosen asp = 2, ¢ = 0. The ISl measurement,
which is defined as

3L
> Jexl®
k=0

max|cy,|? B
k

JISI(C(Z)) = (86)

where ¢, = wy * hy 1S the combined channel-plus-equalizer
impulse response, was then computed for al algorithms at each
iteration. The results are shown in the top plot of Fig. 4. The
original Sato algorithm, whose performanceisnot shown onthis
figure, fails to converge, as would be expected for this type of
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Fig. 3. Convergence comparison of the five blind deconvolution algorithms
for a noise-free channel.

distribution, whereas the modified Sato a gorithm converges as
predicted by the theory. The SWA a gorithm also converges, but
its convergence speed is slower than that of our proposed Sato
agorithm for a similar residual 1SI. Additional simulations in
this section provide more detailed comparisons in this regard.
The coefficient norm of the modified algorithm converge toward
a value different from that of the optimal inverting filter. The
stable norm value depends on the choice of the norm exponents
and the channel.

The second set of simulations were designed to verify the
abilities of the modified Sato and SWA blind deconvolution
methods to obtain an unbiased estimate of the optimum equal-
izer filter in the absence of noise. To this end, ten sequences of
200000 samples of the received signal z; were generated from
Laplacian-distributed source sequences and used to compute
a single least-squares estimate of the channel inverse, where
L = 20 and the delay value of d = 6 were chosen. The IS
measurement was then computed for the least-squares coeffi-
cient estimate, resulting in avalue of Jisi(c¢(z)) = —27.3 dB.
This equalizer estimate was then used as an initial coefficient
vector for both the modified Sato algorithm and the uncon-
strained Shalvi Weinstein algorithm (SWA) [8], which were al-
lowed to adapt on these ten sequencesin the following way. For
thefirst 100 000 samples, both equalizers were given larger step
sizes of ;1 = 0.0005 and ;1 = 0.000 04 to aid convergence to
their stationary points. These step sizes were then reduced to
onefifth of their starting values for the remaining 100 000 sam-
plesto obtain more-accurate stationary point estimates. Finally,
the last 40 000 coefficient vectors of each simulation were used
to compute an average coefficient vector for each algorithm run,
and these coefficient vectors were then averaged over the ten
simulation runs to compute a final average coefficient vector
w,,. fOr each agorithm. The normalized squared distance of
each averaged coefficient vector from the | east-squares solution
was then computed as
Wave wopt
Ware|l  [[wope|

2
‘ (87)

D("”avm"”opt) = H ||
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and acorresponding 1Sl level for the averaged coefficient vector
of each algorithm was aso computed. The resulting normal-
ized sguared distance values for the modified Sato and SWA
algorithms were 3.68 x 107> and 1.12 x 104, respectively.
The corresponding ISl values for these stationary point solu-
tionswere —27.2 and —27.0 dB, respectively. The small values
of D(wave, wopt) and the nearly identical 1SI levels produced
by the three coefficient solutions indicate that the two blind
methods provide essentially unbiased estimates of the equalizer
solution. For these reasons, the local convergence performance
of these algorithms can be compared fairly based on their adap-
tation speeds and measured total 1SI valuesin steady state.

We then compared the convergence performances of the
modified Sato algorithm and the SWA algorithm for the chosen
channel under noise-free conditions, where . = 20 has been
chosen. In this case, we have used step sizes of 0.0007 and
0.0002 for these algorithms, respectively, so that both methods
produce an average total ISl of —17 dB in steady state. In
addition, we have simul ated the performance of three additional
unit-norm-constrained algorithms for comparison:

a unit-norm-constrained Sato algorithm (Sato-NC, p =
0.0007);

a unit-norm-constrained constant-modulus algorithm
(CMA-NC, p = 0.000 22);

aunit-norm-constrained normalized constant-modulus al -
gorithm as modified from [17] (NCMA-NC, ¢ = 0.01,
p = 0.001, and p = 0.0001).

In each unit-norm-constrained method, the equalizer coefficient
vector length was normalized to unity after every update. Note
that these latter three algorithms are more computationally
complex than the former two unconstrained approaches, as
they require divides and square roots. This is particularly true
for real-time applications, whereas for batch algorithms, this
advantage does not appear to be important. Their convergence
behaviors, as computed from averages of 100 simulation runs,
are shown in Fig. 3, where it is seen that the modified Sato
and unit-norm-constrained Sato agorithms outperform the
other three methods. As the modified Sato algorithm requires
about two multiply/adds per adaptive filter coefficient, it is
to be preferred. Moreover, the normalized CMA method is
noncompetitive due to the excessive noise enhancement that
the normalization procedure imposes for every choice of the
step size p. Interestingly, the two Sato algorithms provide
nearly identical equalization performance, despite imposing
different constraint values on the lengths of the coefficient
vectors (||w;|| = 0.8 for the modified Sato algorithm).

Last, we performed a noise analysis. To this end, we com-
pared the performances of the modified Sato and SWA ago-
rithm for a 20-tap equalizer and a noisy received signal with
different signal-to-noise ratios (SNRs). In such cases, neither
equalizer filter is guaranteed to converge to the Wiener solution
for this task, although both do reduce ISl to some extent. Step
sizesfor each algorithm have been adjusted so that asteady-state
ISl of —15 dB is achieved at convergence except for very low
SNR, where a steady-state ISl of —12 dB and —10 dB has been
aimed at by proper choice of the respective step sizes of the in-
dividual algorithms. Fifty different data realizations have been
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Fig. 4. Convergence comparison of the Shalvi Weinstein algorithm (SWA) and the modified Sato algorithm for a noisy channel.

used to smooth the convergence curves. Fig. 4 shows the fa-
vorable behavior of the modified Sato agorithm compared with
the SWA in this simulation, except for very low SNR. The slow
convergence of SWA for high SNR is indicative of the higher
order-statistics-based procedure used, whereas the Sato algo-
rithm employs much more efficient estimation. For very low
SNR, the performance of the Sato algorithm starts to degrade
until itisinferior to the performance of the SWA at around SNR
of 5 dB and less. For moderate SNR such as 10 dB and even 8
dB, the convergence time of the modified Sato algorithm is still
shorter than that of the SWA.

VI1I. CONCLUSION

Itiswell known that unconstrained Bussgang-type algorithms
fail to deconvolve signals with impulsive distributions. In this
paper, we have proven why these algorithms cannot work for
such distributions using local stability analysis. Our analysis
provides a way of designing modified Bussgang algorithms to
obtain locally stable, but not necessarily globally convergent,
behavior for various source signal distributions. Simulations of
amodified Sato algorithm confirm the efficacy of the modifica-
tions. Our analysis method allows one to predict the suitability
of aparticular blind deconvolution algorithm to achosen source
distribution, and its extension to unit-norm-constrained blind
deconvol ution approaches is a potential future research topic.
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