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Abstract 

 
 

Dijkstra’s simple shortest path algorithm provided the building block for link-state 

routing protocols in data networks.  The open shortest path first (OSPF) protocol uses this 

algorithm in a distributed procedure in an attempt to balance the trade-off between 

routing implementation complexity and optimal network utilization.  Today, powerful 

optimization software tools are available that can be used by a central processor in an 

attempt to improve network performance via implementation of better routing strategies.  

Two environments can be considered.  In the first case, the routing software remains 

unchanged and the central processor simply determines optimal link weights that are 

supplied to the routers.  Each router uses the link weights and Dijkstra’s algorithm to 

determine its routing table.  In the second environment, the routing software is modified 

to accept an optimal routing table.  This investigation presents both node-arc and arc-path 

optimization models for both environments, along with an empirical analysis of all four 

models. 
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1. Introduction 
 
The increase in demand for high bandwidth applications that involve video, audio 

streaming, and voice over IP pose new and interesting challenges for traffic engineers.  

One of the challenges is to distribute the traffic in the network such that network 

congestion is minimized as this may lead to delay in transferring messages from origin to 

destination.  The Internet is composed of many thousands of Autonomous Systems (ASs) 

that are managed by a single institution.  Computer messages sent from an origin to a 

destination may traverse several of these ASs with various delays along the way.  

Messages between computers connected to the Internet are divided into packets that flow 

through the data network.  When a router receives a packet, it forwards the packet on one 

of its outbound links based on a routing table.  ASs that run the popular OSPF protocol 

determine routing tables using a shortest path algorithm as a function of known integer 

link weights.  If all link weights are set to one, then all routers forward packets along 

shortest-hop paths.  Network managers can adjust the link weights in an attempt to 

improve the operation of a given autonomous system.  Given the network topology and a 

set of link weights, each router can use Dijkstra’s shortest path algorithm using itself as 

the root to determine a routing table.  

 
1.1. Description of the Problem 
 
The routers in an AS that adhere to the OSPF algorithm maintain a database that contains 

information about the state of the links in the network, and the weights associated with 

links.   The weight assigned to a link may depend on one or a combination of the 

following metrics: bandwidth, load balance, delay, error probability, link length, and 

administrative cost.  At Verizon they call the weights costs and the costs are set by a 

network administrator, Jarrar (2007). The status of links incident to a given router is 

transmitted in the network as link state advertisement packets so that the databases on all 

routers in the network are identical.  A list of shortest paths from itself to all other routers 

is constructed by each router.   The demands in the network are routed based on the paths 

generated from this list.  One of the main advantages of such an algorithm is that it can be 

implemented in a distributed way. 
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 Note that this strategy does not use the demand matrix in selecting paths for each 

),( do demand pair.   Hence, it’s possible that certain links become congested while 

others in the network may support very little traffic. The problem addressed in this 

investigation is to construct optimization models and algorithms that incorporate both the 

point-to-point demand values and link capacities such that the resulting routing tables 

produce the smallest maximum link utilization.  The weight-setting problem as defined 

by Pioro and Medhi (2004) is as follows: 

(i) Given: the network topology, the link capacities, and a set of point-to-point         

demands, 

(ii) Find: weights and flows for each link, 

(iii) Constraints: the demands must be satisfied, the capacities cannot be violated, and       

at each router the total entering flow to a given destination is split equally among 

all out-going links that lie on the shortest paths to that destination. 

Ideally this optimization problem would be solved at a central processor and the link 

weights would be communicated to each router. The routers could then each apply 

Dijkstra’s shortest path algorithm to determine their routing tables. If there are multiple 

shortest-paths to a given destination, then all such paths are maintained in the routing 

tables. This is called the equal-cost multi-path (ECMP) split rule in OSPF networks 

(Pioro and Medhi 2004).  This means that the routing table for router r may have multiple 

outbound links corresponding to a given destination d and the total flow out of router r 

with destination d must be split equally among all of these outbound links.  Dijkstra’s 

algorithm has been extended such that all shortest paths will be discovered.  This strategy 

does not require any software modifications at the routers.  That is, given the network 

topology and a set of costs (weights) each router will use a shortest path procedure to 

create its routing table.  A potential disadvantage of this procedure is the creation of 

numerous long and circuitous paths for some (origin, destination) pairs. 

 An alternative strategy that can alleviate this disadvantage is to use the central 

processor to determine an optimal routing table for each router and then communicate 

this to each router as opposed to a set of weights.  Of course this would require a software 

modification on each router.  This investigation will examine strategies which do not 
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require a software modification at the routers as well as those that require some 

modification. 

 
1.2. Survey of Literature 
 
Moy (1998) presents an introduction to routers, routing protocols, and a detailed 

discussion of the OSPF protocol.   His manuscript discusses the design, the management, 

and multicasting extensions of the OSPF protocol.   The basic mathematical model for 

optimal routing is presented by Fortz and Thorup (2000) where the objective is a 

piecewise-linear cost function for each arc (a link can be denoted by two oppositely 

directed arcs) which is based on the load on each arc.   The manuscript discusses a 

dynamic weight-setting procedure for the OSPF problem and a hash table implementation 

to reduce the solution time of the procedure.   The complexity of a general OSPF routing 

problem is discussed in detail by Juttner et al.  (2000).  The manuscript demonstrates that 

the OSPF weight-setting problem is NP-complete, and suggests heuristic methods for 

solving the problem.    

The OSPF Design Guide (Cisco. 2001) presents a discussion of parameters used 

for link weight calculation, and provides a detailed account of the advantages of the 

OSPF protocol over traditional routing protocols. A detailed step-by-step implementation 

of the OSPF protocol, and simulation of an OSPF router is presented by Moy (2001), as 

well as the implementation of Dijkstra’s shortest path algorithm to calculate the next hop 

in the network.   The comparison of OSPF and IS-IS (Intermediate System-Intermediate 

System) protocols based on total bandwidth, memory access, and average arrival time is 

discussed in detail by Sharon (2001).    The manuscript on optimal routing in shortest 

path data networks by Ramakrishnan and Rodrigues (2001) discusses the classification of 

routing problems.   A combinatorial approach to solving the optimal shortest path routing 

problem is also presented in the manuscript.    

Basu and Riecke (2001) discuss stability related issues in OSPF routing that 

include network convergence times, load on processors, and changes in the routing table 

in the event of a network failure.   The article compares the performance of several 

heuristics with a genetic algorithm in terms of costs and maximum utilization.   The 

article on traditional IP routing protocols by Fortz et al.  (2002) provides an introduction 
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to traffic engineering concepts.   The article summarizes the results of both OSPF and IS-

IS optimizing weight techniques.   Ericsson et al.  (2002) propose a heuristic that uses 

genetic algorithm principles for solving the OSPF weight-setting problem.   The arc-path 

formulation of the IP routing problem as a multi-commodity flow problem is discussed 

by Murphy et al.  (2002).   The manuscript also discusses the computation of splitting 

ratios for flows in the network in order to balance the traffic.   Based on the value of the 

splitting ratio metric, flows are either split evenly along shortest paths, or routed along 

one shortest path. 

Fortz and Thorup (2002) present a system of algorithms for managing sudden 

spikes in demand, and critical link failures by making limited weight changes, thereby 

avoiding hot spots in the network.   The importance of a good set of initial weights and 

minimizing the changes in link weights when links are congested is presented in detail by 

Murphy et al.  (2003).   Simulation of OSPF and TCP protocols on large scale networks 

is discussed in detail by Yaun et al.  (2003).   The manuscript effectively tackles network 

scalability issues with optimal simulation techniques, and demonstrates performance of 

OSPF and TCP simulation models.  Fortz and Thorup (2004) propose a local search 

heuristic for the weight-setting procedure.   The manuscript describes the strict Tabu 

Search methodology implemented using hash tables employed in exploring the 

neighborhood and changes in arc-weights.  A similar approach is described to ensure 

even split in arc flows for OSPF routing.  An elaborate empirical analysis and 

comparison of different OSPF weight setting procedures versus local search heuristics is 

presented.  In addition, theoretical proofs of NP-hardness of  OSPF routing for 

minimizing the maximum utilization is given.  Buriol et al. (2005) present a heuristic that 

combines the genetic algorithm proposed by Ericsson et al.  (2002) with a local 

improvement procedure.  The local procedure works on reduced neighborhoods and 

examines the effect of increasing weights on a subset of arcs.  A procedure for fast 

updates of flows on arcs due to the change in weights and a dynamic shortest path 

algorithm are presented. Sridharan et al.  (2005) propose a heuristic for achieving near 

optimal solutions for existing OSPF/IS-IS networks, and also describes possible 

applications of this technique.   The manuscript explains a selective next hop approach 

which is computed based on minimizing the maximum ratio of assigned flow to optimal 
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flow over all hops.   This heuristic does not guarantee integer link weights.  Buriol et al. 

(2007) present an evolutionary algorithm for the OSPF weight setting procedure.  In 

addition, the manuscript considers the survivability of a network design by addressing 

router and link failures.  The comparison of network costs for various generations of the 

evolutionary algorithm is also presented in the manuscript.  An excellent survey of route 

optimization in IP networks may be found in Rexford (2006). 

 
1.3. Contribution of the Investigation  
 
Pioro and Medhi (2004) give an elegant mixed-integer optimization model to determine 

an optimal set of integer weights that minimizes the maximum utilization of any single 

link.  Since the delay is closely related to link utilization, optimal weights will tend to 

minimize delay and improve operation from the user’s point-of-view.  The Pioro-Medhi 

weight-setting model uses a node-arc formulation.  Unfortunately, this model suffers 

from three critical deficiencies.   The first is that only small problems are solvable using 

current optimization software such as CPLEX version 10.0.  The second is that path 

flows that satisfy the equal-cost multi-path split rule are not easily determined from the 

node-arc model.  The third is that an optimal solution may result in a large number of 

shortest paths some of which may be quite circuitous.  In our investigation, an arc-path 

formulation and column generation algorithm for the OSPF weight-setting problem is 

proposed that addresses the deficiencies of the Pioro-Medhi model.  The major challenge 

is to enforce the equal-cost multi-path split rule required by the OSPF protocol.  Our 

column generation scheme generates paths at each iteration until an optimality criterion is 

satisfied.  While our column generation scheme is a substantial improvement over the 

Pioro-Medhi model, only small problem instances are computationally tractable using our 

algorithm.  The OSPF protocol was not designed with optimization in mind and 

consequently efficient algorithms for large problem instances of the OSPF weight-setting 

problem continues to elude the research community (Rexford 2006).  Our proposal for 

conquering this challenge is to relax the equal-cost multi-path split rule.  This will require 

some modification of the OSPF protocol and a slight modification of router software.  

Optimization models and an empirical analysis demonstrate the merit of the revised 

strategy.
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2. A Strategy Using Existing Router Software 
 
IP routers have software that use a shortest-path algorithm to determine a routing table.  The 

inputs are the routers, links, and link weights of a graph and the output is a routing table.  

Since at a point in time the routers and links are fixed, the outside central processor will need 

to provide only the link weights.  Current routers use 16 bit unsigned integers (1 – 65535) as 

link weights.   

 

2.1. A Node-Arc Model 
 
A mixed integer programming formulation of the OSPF weight-setting problem is presented 

in this Section.  Let V and L denote the sets of routers and links.  For this investigation, links 

are undirected and arcs are directed.  Each link is represented by a pair of arcs.  The set of 

arcs is denoted by { }LjiijjiE ∈= ),(:),(),,( .  Let odh  be the demand volume to be routed 

from origin o to destination d where Vdo ∈,  and let D  be the set of ),( do  demand pairs 

such that odh > 0.  Let H denote the sum of demand values i.e. ∑
∈

=
Ddo

odhH
),(

 and let 

{ }.),(: DdodD ∈=  The model is a multi-commodity flow problem with D  commodities. 

The capacity of arc Eji ∈),(  is given by ijc . The requirement for commodity d D∈  at router 

i, denoted by d
ig  is defined below: 

 

     Dddih
Ddo

od ∈=− ∑
∈

,,
),(

 

                         =d
ig                       ,idh    DdDdi ∈∈∀ ,),(  

 ,0  otherwise 

 

Let ijw  denote the weight on arc ),( ji  and d
ijx  denote the flow on arc ),( ji  with 

destination Dd ∈ .   The variable idz  denotes the distance from router i to router d on the 

shortest path to router Dd∈  .  Let idy  be the common value of the flow assigned to arcs 
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originating at i  and contained in shortest paths from i  to Dd ∈ .  For the example illustrated 

in Figure 1, ,33 =ez  ,16 =ez  ,32 =ez  =ey3 η, =ey6 σ, and =ey2 θ.  

 

 

 

Let the binary decision variable d
iju = 1 if arc ),( ji  belongs to the shortest path to 

router d; and d
iju = 0, otherwise.   Let U denote the maximum arc utilization.  Using the above 

notation the node-arc formulation for the OSPF weight-setting problem is now presented.  

The objective is, 

        minimize U     (1) 

 

The first set of constraints ensures that demand at router Dd ∈  is satisfied and ensures the 

conservation of flow at each router. 

                        d
v

Ejv Evi

d
iv

d
vj gxx =−∑ ∑

∈ ∈),( ),(
         DdVv ∈∀∈∀ ,            (2) 

   

The arc capacity constraints are  

                                           ij
Dd

d
ij cx ≤∑

∈

        Eji ∈∀ ),(           (3) 

 

The third set of constraints are needed to calculate the maximum arc utilization 

ij
Dd

d
ij cx ≤∑

∈

U   Eji ∈∀ ),(   (4) 

 

The fourth set of constraints ensures that all flow from router i to destination d on shortest 

paths to d are equal. 

                                Huxy d
ij

d
ijid )1(0 −≤−≤    EjiDd ∈∀∈∀ ),(,          (5) 

  

 

 

 

Figure 1: About Here 
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The following set of constraints prevents flow on any arc that is not in a shortest path for 

demand router d . 

                                              Hux d
ij

d
ij ≤   EjiDd ∈∀∈∀ ),(,    (6)  

The sixth set of constraints guarantee that the weights on arcs ),( ji  and ),( ij  are equal. 

        jiij ww =             Lji ∈∀ ),(   (7) 

 

The next set of constraints ensures that the lengths of shortest paths for a ),( do pair are equal.   

                    Huzwz d
ijidijjd )1(0 −≤−+≤    EjiDd ∈∀∈∀ ),(,            (8a) 

                        idijjd
d
ij zwzu −+≤−1                   EjiDd ∈∀∈∀ ),(,             (8b)  

The boundary conditions are: 
 

1 ≤  wij ≤  65535 and integer Eji ∈∀ ),(      (9a) 
d
ijx  ≥  0   EjiDd ∈∀∈∀ ),(,     (9b) 

idy ≥  0   DdVi ∈∀∈∀ ,     (9c) 

idz ≥  0    DdVi ∈∀∈∀ ,     (9d) 

d
iju }1,0{∈    EjiDd ∈∀∈∀ ),(,     (9e) 

 

A version of this model first appeared in Pioro and Medhi (2004). 

 
2.2. The Equal Cost Multi-Path Split Procedure  
 
Routers that implement the OSPF protocol, use a shortest path strategy to route packets from 

an origin to a destination in a data network. Given a set of link weights, each router 
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 The OSPF protocol supports multiple shortest paths between pairs of routers.  For 

router 2 in Figure 2, the following multiple paths (2-4, 2-1-4; 2-5, 2-3-5; 2-3-6, 2-5-6,  

2-3-5-6) will be incorporated into the routing table as illustrated in Table 2.  The equal cost 

multi-path split procedure requires that traffic at a router be split equally among outgoing 

links in the shortest paths to a given destination.  A traffic demand of 10 Mbps between 

routers 2 and 6 would be allocated as illustrated in Figure 4.  At router 2, 5 Mbps are assigned 

to each of the links (2,3) and (2,5).  At router 3, 2.5 Mbps are assigned to links (3,5) and (3,6).  

Note that this is not equivalent to assigning one third of the traffic to each of the three shortest 

paths (2-3-6, 2-5-6, 2-3-5-6). 

 

 

 

 
 

Consider a network G[V,L] with V routers and L links.  For each Lji ∈),( , the reverse 

arc ),( ij  has weight wji equal to wij.  A modified Dijkstra’s algorithm is implemented to 

identify the multiple shortest paths between an origin-destination pair as presented in Figure 

5.  Multiple shortest paths imply that a router j V∈  can have more than one parent router say 

1i , i2 .V∈   In this instance, the output  parameter from the modified Dijkstra’s procedure, 
1jiρ  

and 
2jiρ  will be set to 1 where ),( 1 ji  and Eji ∈),( 2 .  Given the set T of arcs in all shortest 

paths between a pair of routers (o and d), the equal flow distribution procedure assigns flow 

on the arcs in set T such that the flows from a parent router to its child routers are equal.  This 

procedure is presented in Figure 6.  Combining the modified Dijkstra procedure and the equal 

flow distribution procedure results in the equal cost multi-path split procedure.  With the 

inputs (V, E, D, w, h, c), defined in the ECMP split  procedure, at a given instance of time the 

maximum utilization for this network using the OSPF protocol will be the U calculated in 

Figure 7. 

Figures 2, 3: About Here 

Table 1: About Here 

Figure 4: About Here 

Table 2: About Here 
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2.3. Arc-Path Model  
 
The principle behind our arc-path model is that we seek to distribute the flow on the shortest 

paths for a given ),( do  pair such that the arcs from a common router on these paths have 

equal flow.  Suppose we have three paths for a given ),( do  pair.  All flow may be assigned to 

a single path, flow may be split among two shortest paths of equal length, or flow may be split 

among all three equal length shortest paths.  For a three path problem there are seven cases for 

each ),( do  demand pair as illustrated in Table 3.  For our model, each demand-case 

combination is assigned a unique pattern number.  Selection of pattern 4 from Table 3 implies 

that the unique shortest path for ),( 11 do  is 3p .  That is, paths 1p  and 2p  must be longer than 

3p .  Selection of pattern 13 implies that paths 5p  and 6p  are of equal length and are shorter 

than 4p .  For our arc-path model, the critical decision is the selection of a pattern for each 

),( do  demand pair.  

 

 

 

2.3.1. Sets, Constants, and Variables 
 
Let n denote the maximum number of paths that can be initially generated for each 

Ddo ∈),( .  Let odP  denote the set of paths for demand pair Ddo ∈),(  and let P
Ddo ∈

∪=
),(

Pod . 

Let Jp denote the arcs in path ∈p P and, let Rod denote the set of patterns for each ),( do  pair.  

The number of patterns for a demand pair Ddo ∈),(  can be computed using the 

formula 12 −odP .  Hence, the total number of patterns is ∑
∈

−
Ddo

Pod

),(

)12( .  Let R 

odDdo
R

∈
∪=

),(
and, let Mp denote the set of patterns that include path ∈p P.  For each odRr ∈  

and each Eji ∈),( , we use the  equal cost multi-path split rule to determine the flow values 

Figures 5, 6, 7: About Here 

Table 3: About Here 
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brij.  The structure of the flow pattern matrix brij is illustrated in an example from the network 

in Figure 8.  Let paths computed using the least hop criterion be 1-3-4, 1-2-4, 1-2-3-4, 2-4, 

and 2-3-4 corresponding to paths ,1p ,2p ,3p ,4p  and 5p .  The structure of brij for demand 

values of 10 on origin-destination pair, (1,4), and 12 on (2,4) is illustrated in Table 4.   In the 

case of two demand pairs ),( 1 do , and ),( 2 do  with the same destination, the  equal cost multi-

path split rule will allow only certain combinations of patterns to be selected.  The flows on 

the outgoing arcs from a router on the shortest paths to destination d have to be equal 

irrespective of the different origin routers.  The flow values in patterns 142 Rr ∈  and 249 Rr ∈  

from Table 4, contradict the equal flow rule as illustrated in Figure 9a.  Likewise, patterns r3 

and r10 are invalid as illustrated in Figure 9b.  Let C denote the set of pairs of patterns, both of 

which cannot be selected.  The set C will be used to prevent the selection of pairs of patterns 

for which the equal-flow multi-path split rule will not be satisfied. 

 

 

 

 Let lp be the length of path ∈p P.  Let kod denote the length of the shortest path(s) for 

.),( Ddo ∈   The binary variable  qr is 1 if pattern ∈r R is selected; and 0, otherwise.  Let  pψ  

be 1 if path ∈p P is selected; and 0, otherwise.             

 
2.3.2. Mixed Integer Linear Programming Model 
 

The objective is to minimize the maximum arc utilization. 

minimize  U  

 

The first set of constraints ensures that only one pattern is selected for each ),( do  pair.                                  

 

 

The capacity constraints are as follows:       

                                        

Figures 8, 9: About Here 

Table 4: About Here 

R
Eji ∈∀ ),(ijr

r
rij cqb ≤∑

∈
U

1=∑
∈ odRr

rq Ddo ∈∀ ),(
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The third set of constraints calculates the length of each path.   

   p
Jji

ij lw
p

=∑
∈),(

            ∈∀p  P 

 

The fourth set of constraints guarantee that the weights on arcs ),( ji  and ),( ij  are equal. 

   jiij ww =            Lji ∈∀ ),(  

 

The next set of constraints gives the relationship between patterns and paths. 

     ∑
∈

=
pMr

rp qψ           ∈∀p  P 

 

The following set of constraints ensure that if a pattern is chosen, then the length of the 

path(s) used by that pattern is(are) shortest. Let G denote the maximum length of a path. 

Since the maximum weight is 65535, G is set to L65535 .   

 - G ≤−≤− odpp kl)1( ψ  G )1( pψ−    odPpDdo ∈∀∈∀ ,),(  

 

The seventh set of constraints ensure that if a pattern is selected then the corresponding path 

with no flow is longer than the shortest path(s) for each demand pair 

 odpp kl −≤− )1( ψ        odPpDdo ∈∀∈∀ ,),(  

 

The following set of constraints eliminates incompatible patterns.    

    1≤+ rm qq           Crm ∈∀ ),(   

The boundary conditions are given below: 

 655351 ≤≤ ijw  and integer  Eji ∈∀ ),(  

 lp  0≥     ∈∀p  P 

pψ   0≥    ∈∀p  P 

kod 0≥     Ddo ∈∀ ),(  

qr }1,0{∈    ∈∀r  R 
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2.4. The Arc-Path OSPF Weight-Setting Algorithm 
 
The algorithm iterates between a problem instance of the arc-path model and the ECMP 

procedure as presented in Figure 10.  Initially an instance of the arc-path model using at most 

n paths per ),( do  pair is solved.  The optimal weights are passed as inputs to the ECMP 

procedure.  Using these weights shortest paths are determined and flows are allocated to these 

paths using the equal flow distribution rule.  If the maximum utilization for the arc-path 

model, denoted by U_Arcpath and the maximum utilization from the ECMP procedure, 

denoted by U_ECMP are within a small tolerance, then the algorithm terminates.  Otherwise, 

ECMP utilizes some paths not included in the arc-path model.  The new paths from the ECMP 

split procedure are then included in the set of paths Pod where Ddo ∈),( .  New patterns are 

generated for the additional paths and included in Rod where Ddo ∈),(  and this procedure 

repeats until the shopping criterion is satisfied.  

 

 

 

 
 
2.5. Empirical Analysis and Comparison 
 
Forty-five problem instances for both the node-arc model and the arc-path OSPF algorithm 

were solved using AMPL (www.ampl.com) and CPLEX 10.0 (www.cplex.com).  All test 

cases were run on a Microway, 2.2GHz  dual core AMD dual processor with 16 GB of RAM.  

Default parameters were used except for a few large problem instances of the arc-path OSPF 

algorithm in which the integer programming probe option was set to 3.  Default settings for 

these problems did not yield an optimal solution within the time limit.  A mipgap of 5% and a 

time limit of one hour was used in all test cases.  In order to improve computational 

efficiency, the weights have an upper bound of 64 rather than the theoretical limit of 65535.  

A random seed value was used to generate different instances of the model.  The five graphs 

illustrated in Figures 11 through 16 were used to determine the network topology. 

 

 

Figure 10: About Here 

Figures 11, 12, 13, 14, 15, 

16: About Here 
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Problems P110 – P160, Q210 – Q260, R310 – R360, and S410 – S460 presented in 

Table 5 correspond to the topologies illustrated in Figures 11 through 14, respectively.  The 

demand pairs, demand values, and link capacities are randomly generated for each problem 

instance.  The average node degree is computed using the formula VL2 .  The column 

labeled “LP Relaxation” denotes the optimal objective value of the linear programming 

version of the node-arc model.  Note that the gaps between the linear programming version 

and the integer program are fairly large.  The columns labeled “Paths Used” indicate the 

number of shortest paths along which the flows were distributed.  The columns labeled “Max 

Hops” indicate the maximum number of hops in a path with a flow value greater than 0.  The 

column labeled “% Diff (Node-Arc vs. Arc-Path)” in Table 5 indicates the percentage 

difference between the optimal objective values for the two models.  Twenty problems had a 

0% difference indicating identical solutions with both models.  A deviation greater than 0% 

implies that the node-arc model produced a better solution while a negative deviation implies 

the converse.  For the first eighteen problems in Table 5, the optimal solutions were 

approximately the same and the solution times were small except for Q260 which required 

almost an hour for the node-arc model.  Two of the largest problems, S440 and S450, yielded 

quite different objective values.  The run with the node-arc model on S440 timed out with a 

very poor solution.   The run with the arc-path model on S450 terminated with an inferior 

solution.  The solution for the node-arc model used an excessive number of paths (17) to 

satisfy the five demand pairs.  Demand pair (1,6) used 5 unique paths to satisfy 27 Mbps of 

demand.  The corresponding arc-path model used a single path.  Even though the node-arc 

model produced a lower maximum utilization, it required the use of a large number of 

circuitous paths to do so.  Hence, most network operators will prefer the solution to the arc-

path model.  The two solutions are given in Appendix A.   The last row in Table 5 labeled 

“Total” clearly illustrates that for the forty-five problem instances the total CPU time for the 

node-arc problem was approximately 2 hours and that for the arc-path algorithm was 

approximately 9 minutes.  The total number of paths used by the arc-path problem instances 

were 10% less than the node-arc instances. 

 

 Table 5: About Here 
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Problems R510 – R600, and U410 – U460 presented in Table 6 are derived from 

larger networks in Figures 15 and 16, respectively.  As illustrated in Table 6 the node-arc 

model does not yield a feasible solution within the one hour time limit when the number of 

demand pairs is at least 5.  Clearly, when the node-arc model can be solved, it produces the 

least maximum utilization.  As illustrated in Appendix A, this solution may not be a preferred 

one.  In addition, it is limited in the size of problem that can be solved.  Hence, we believe 

that the arc-path algorithm produces the best solution for this operational problem.  Its major 

advantages are that larger problems are computationally tractable and the user can control the 

paths that are available for assignment.  Its disadvantage is that it cannot guarantee that a least 

utilization solution been found as illustrated with S450, and most of the problems 

corresponding to Figure 15.  For two of the forty five problems, the optimal utilization 

produced by the arc-path model exceeded the optimal value by more than 10%.  The node-arc 

model for these two problems used a total of twenty three paths versus only nine for the arc-

path algorithm. 

 

 

 Although, our arc-path procedure appears to be superior to the node-arc procedure, it 

is still limited to small problem instances.  Most network operators would like to solve 

problems with hundreds of nodes and links, (Allen 2004, Buriol 2005, Jarrar 2007).  The next 

section presents our strategy for large scale problems. 

Table 6: About Here 
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3. A Strategy Using Modified Router Software  

 
If router manufacturers are willing to make some minor changes to their software, then 

improved network performance can be achieved.  We propose two simple modifications.  

First, routers are not required to adhere to the equal-flow multi-path split rule; and second, a 

routing table can be passed to a router in contrast to link weights from which a routing table is 

constructed.  Optimal routing tables would be determined by a central processor and sent to 

each individual router.  Packets destined for a given demand router would still be routed over 

multiple paths, but the equal split rule would not be imposed.  Rather than a ⅓ split over three 

paths, one path could be allocated 50% of the traffic and the other two 25% each.  Minor 

software changes are required to implement this new rule. 

 With the relaxed rules described above, the new optimization problem is called the 

OSPF routing table problem.  Both node-arc and arc-path models are presented for this 

problem and both are empirically evaluated on real-world problems.  The node-arc model for 

minimizing the maximum arc utilization is simply (1), (2), (4), and (9b) defined previously. 

An arc-path version of the OSPF routing table problem is also very simple. In addition 

to the sets odPED ,, , and P defined in Section 2,  a set ⊂ijQ  P with Eji ∈),(  is needed. Let 

the paths that contain arc Eji ∈),(  be denoted by Qij. Let fp denote the flow on path ∈p  P.  

The objective is to minimize the maximum utilization as stated in the previous model, 

minimize U 

 
The first set of constraints ensures that the flow on paths satisfies the demand from origin o to 

destination d 

 
od

Pp
p hf

od

=∑
∈

      Ddo ∈∀ ),(  

 
The next set of constraints relates the path flows to the arc utilization 
 

ij
Qp

p cf
ij

≤∑
∈

U    Eji ∈∀ ),(  

 
The boundary conditions are 0≥pf for all ∈p  P. 
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Note that this model assumes flow bifurcation. That is, flow for a given commodity can be 

routed using several paths and each path can carry any fraction of the total demand, hod.  Of 

course, this model can be extended to the non-bifurcated case where the demand for each 

commodity must be assigned to a single path. 

Recall, some of the larger problems could not be solved within the one hour time limit 

using the arc-path column generation algorithm (see Table 6). The requirement of the ECMP 

split rule makes the problems quite difficult to solve.  Our empirical analysis for the new 

models may be found in Table 7.  Problems EU, US, NA, N0, and V are real world networks 

(see Birkan (2006), Birkan et al. (2007), Jarrar (2004), and Allen (2004) ).  The demand 

values for each origin-destination pair were randomly generated within the range [10, 80] for 

problems EU, US, NA, and N0.  For network V, the demand values were from a fixed set of 

values in the range [5,486]. The capacities on the links were also randomly generated for 

problems EU, US, and NA.  For problems N0 and V the capacities on the links were assigned 

from the sets {622, 2488} and {435, 1991, 89580}, respectively.  Problems V1, V2, V3, and 

V4 are modifications of V in which the ),( do  demand pair values and capacities are 

randomly generated.  Note that in all problem instances except V4 the percentage difference 

in utilization between the node-arc version and the arc-path version is less than 10%.  Since 

the maximum hop count is large and computation time is excessive for the node-arc version, 

we believe that operators will prefer the arc-path version. 

 

 

 The networks in Table 7 are sparse with an average node degree between 3 and 4.  In 

order to study the performance of the 2 modified models on denser networks, random graphs 

with an average node degree between 10.5 and 19.4 were generated (Sampathkumar 2007).  

Of the 20 instances, there were 4 problem instances in which the utilization of the node-arc 

version was superior to the arc-path version and in 5 other problem instances the utilization of 

the arc-path version was superior.  The arc-path version clearly outperformed the node-arc 

version in terms of run times and the number of hops.  The maximum number of hops in the 

arc-path version was 5 whereas in the node-arc version it was 17.   

  

Table 7 : About Here 

Table 8 : About Here 
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4. Summary and Conclusions 
 
For the environment in which router software remains unchanged, our arc-path based 

procedure is clearly superior to the node-arc based procedure that appears in the literature.  

However, the equal-flow multi-path restriction is so onerous, that only small problem 

instances can be solved.  For this environment, a heuristic procedure such as the one described 

by Buriol et al. (2007) appears best.  However, if the manufacturers of routers are willing to 

make some minor modifications to their software, then our new arc-path model can be used to 

obtain excellent solutions to the routing problem.  In addition our proposed strategy allows for 

the control of path hop counts.  For all other strategies that use the existing OSPF protocol,

circuitous routing with large hop counts may be selected.
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Appendix A: 
 
The node-arc model solution and arc-path solution for problem S450 are illustrated in 

Figure A1 and Table A1.  The numbers on the arcs indicate the arc-flows.  The demand 

pairs are (2,4), (1,6), (5,3), (8,3), and (7,3) with demand values of 11, 27, 23, 21, and 24, 

respectively.  The total number of paths used to route the above demands were 17 using 

the node-arc approach and just 6 using the arc-path approach.  We believe that most 

network operators will prefer the solution given by the arc-path model. 

 
 
 
 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure A1: About Here 

Table A1: About Here 
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Root Router 
1 

Root Router 
2 

Root Router 
3 

Root Router 
4 

Root Router 
5 

Root Router 
6 Destination 

Send To Send To Send To Send To Send To Send To 

1 - 1 2 1 4 5 

2 2 - 2 2 2 5 

3 2 3 - 2 3 3 

4 4 4 2 - 4 5 

5 4 3 5 5 - 5 

6 4 3 6 5 6 - 

Destination Send To 
 

Shortest Paths 

1 1 2-1 

2 - - 

3 3 2-3 

4 1 or 4 2-1-4 
2-4 

5 3 or 5 2-3-5 
2-5 

6 3 or 5 
2-3-6 
2-5-6 

2-3-5-6 

Table 1: Routing Table for Example in Figure 2 

Table 2: OSPF Routing Table for Router 2  
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Table 3: Flow Distribution Pattern for 2 (o,d) Pairs with 3 Paths  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

              

 

 

Table 4: Flow Distribution Matrix - brij 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

r 1 0 10 0 0 10
r 2 10 0 0 10 0
r 3 5 5 0 5 5
r 4 10 0 10 0 10
r 5 5 5 5 0 10
r 6 10 0 5 5 5
r 7 5 5 2.5 2.5 7.5
r 8 - - 0 12 0
r 9 - - 12 0 12
r 10 - - 6 6 6

(2,4) (3,4)(1,2) (1,3) (2,3)r
i , j

p 3 p 2 p 1 p 6 p 5 p 4

r 1 0 0 1
r 2 0 1 0
r 3 0 1 1
r 4 1 0 0
r 5 1 0 1
r 6 1 1 0
r 7 1 1 1
r 8 0 0 1
r 9 0 1 0
r 10 0 1 1
r 11 1 0 0
r 12 1 0 1
r 13 1 1 0
r 14 1 1 1

Demand (o 1 ,d 1 ) Demand (o 2 ,d 2 )
Path

Pattern



 

1  Terminated due to 1 hour limit with mip gap = 37.6%      28 

Table 5: Minimizing the Maximum Utilization - Node-Arc Vs. Arc-Path
( Time Limit Equals 1 Hour,Demand Range is [10,30], Capacity Range is [50,100], Optimality Gap equals 5% )

LP 
Relaxation

P110 6 9 3 1 0.146 4 5 0.155 00:00:01 5 3 3 0.155 00:00:01 0.0%
P120 6 9 3 2 0.122 6 5 0.146 00:00:01 16 6 5 0.146 00:00:01 0.0%
P130 6 9 3 3 0.117 5 4 0.154 00:00:01 17 5 4 0.154 00:00:01 0.0%
P140 6 9 3 4 0.269 8 3 0.345 00:00:40 23 7 3 0.345 00:00:01 0.0%
P150 6 9 3 5 0.453 10 3 0.525 00:00:01 32 10 3 0.525 00:00:01 0.0%
P160 6 9 3 6 0.311 7 2 0.362 00:00:01 38 6 2 0.362 00:00:03 0.0%
Q210 7 11 3.14 1 0.106 4 3 0.138 00:00:01 6 3 3 0.138 00:00:01 0.0%
Q220 7 11 3.14 2 0.113 8 5 0.185 00:00:01 20 8 5 0.185 00:00:28 0.0%
Q230 7 11 3.14 3 0.178 7 2 0.203 00:00:01 18 7 2 0.203 00:00:01 0.0%
Q240 7 11 3.14 4 0.174 8 4 0.225 00:00:01 28 6 3 0.234 00:00:01 4.0%
Q250 7 11 3.14 5 0.267 8 4 0.396 00:00:02 36 8 3 0.396 00:00:07 0.0%
Q260 7 11 3.14 6 0.343 7 5 0.350 00:54:01 46 9 3 0.350 00:00:01 0.0%
R310 8 13 3.25 1 0.071 6 6 0.082 00:00:01 13 6 6 0.082 00:00:01 0.0%
R320 8 13 3.25 2 0.184 8 4 0.215 00:00:01 15 7 3 0.215 00:00:01 0.0%
R330 8 13 3.25 3 0.171 9 3 0.196 00:00:08 22 9 3 0.196 00:00:01 0.0%
R340 8 13 3.25 4 0.256 8 6 0.311 00:00:01 33 8 5 0.311 00:00:07 0.0%
R350 8 13 3.25 5 0.386 6 3 0.424 00:00:04 39 6 3 0.424 00:00:01 0.0%
R360 8 13 3.25 6 0.286 12 3 0.332 00:00:14 49 12 3 0.332 00:00:05 0.0%
S410 9 15 3.33 1 0.101 3 6 0.111 00:00:01 14 3 6 0.111 00:00:01 0.0%
S420 9 15 3.33 2 0.138 5 7 0.180 00:00:01 16 4 3 0.188 00:00:01 4.0%
S430 9 15 3.33 3 0.125 7 4 0.222 00:00:34 27 8 4 0.222 00:00:43 0.0%
S440 9 15 3.33 4 0.276 11 4 0.443 01:00:00 35 10 4 0.318 00:00:21 -39.4%
S450 9 15 3.33 5 0.288 17 6 0.330 00:00:03 40 6 4 0.465 00:00:02 29.1%
S460 9 15 3.33 6 0.290 10 4 0.339 00:01:26 48 10 4 0.339 00:06:21 0.0%

Total 184 101 01:57:26 636 167 87 00:08:32

Node-Arc  Model

IP Version
Arc-Path OSPF Algorithm

Paths
Used

Max
Hops

Paths
Used

Max
Hops

CPU Time 
(hh:mm:ss)

# of 
(o,d) 

Demand
 Pairs ([2]-[1])/[2]

% Diff 
(Node-Arc vs. 

Arc-Path)

Max Link 
Utilization

Max Link 
Utilization 

[1]

CPU Time 
(hh:mm:ss)

Total 
Paths

Max Link 
Utilization 

[2]

Name Nodes Links
Avg. 
Node 
Deg.

1



 

2  No feasible solution with 1 hour time limit       
3  Convergence achieved with CPLEX probe option set to 3 
4  Terminated due to 1 hour limit with mip gap = 18.8%       
5  Terminated due to 1 hour limit with mip gap = 20.19%      29 

Table 6: Minimizing the Maximum Utilization - Node-Arc Vs. Arc-Path
( Time Limit Equals 1 Hour,Demand Range is [10,30], Capacity Range is [100,150], Optimality Gap equals 5% )

LP 
Relaxation

R510 10 17 3.4 1 0.107 5 5 0.111 00:00:01 4 2 3 0.118 00:00:01 6.0%
R520 10 17 3.4 2 0.069 6 6 0.076 00:00:01 8 3 3 0.114 00:00:01 33.3%
R530 10 17 3.4 3 0.103 11 5 0.117 00:00:26 12 5 3 0.119 00:00:01 1.6%
R540 10 17 3.4 4 0.114 11 5 0.162 00:05:53 18 8 4 0.177 00:00:01 8.4%
R550 10 17 3.4 5 0.139 8 5 0.165 01:00:00 33 8 5 0.151 00:00:16 -9.3%
R560 10 17 3.4 6 0.151 13 5 0.225 01:00:00 24 13 4 0.230 00:00:01 2.1%
R570 10 17 3.4 7 0.175 24 6 0.208 01:00:00 32 14 4 0.231 00:00:01 10.0%
R580 10 17 3.4 8 0.212 - - NFS 01:00:00 36 13 5 0.260 00:00:01 -
R590 10 17 3.4 9 0.207 15 4 0.247 01:00:00 36 11 4 0.252 00:00:01 1.8%
R600 10 17 3.4 10 0.181 18 4 0.242 01:00:00 61 15 5 0.242 00:00:23 0.0%

Total 111 45 06:06:21 264 92 40 00:00:47
U410 11 23 4.18 10 0.138 - - NFS 01:00:00 54 23 4 0.197 00:00:00 -
U415 11 23 4.18 15 0.174 - - NFS 01:00:00 80 23 3 0.199 00:01:20 -
U420 11 23 4.18 20 0.272 - - NFS 01:00:00 143 25 4 0.329 00:04:44 -
U425 11 23 4.18 25 0.281 - - NFS 01:00:00 120 36 4 0.337 00:02:11 -
U430 11 23 4.18 30 0.333 - - NFS 01:00:00 139 39 4 0.366 00:02:03 -
U435 11 23 4.18 35 0.340 - - NFS 01:00:00 147 40 3 0.429 00:00:41 -
U440 11 23 4.18 40 0.328 - - NFS 01:00:00 165 43 3 0.438 00:02:45 -
U445 11 23 4.18 45 0.470 - - NFS 01:00:00 185 52 4 0.497 00:45:22 -
U450 11 23 4.18 50 0.579 - - NFS 01:00:00 203 55 4 0.600 00:06:08 -
U455 11 23 4.18 55 0.476 - - NFS 01:00:00 225 59 3 0.586 01:00:00 -
U460 11 23 4.18 60 0.613 - - NFS 01:00:00 242 62 3 0.768 01:00:00 -

Arc-Path OSPF Algorithm

Max Link 
Utilization

Max Link 
Utilization 

[1]

CPU Time 
(hh:mm:ss)

Paths
Used

Max
Hops

Paths
Used

Max
Hops

Name Nodes Links
Avg. 
Node 
Deg. Total 

Paths

# of 
(o,d) 

Demand
 Pairs

% Diff 
(Node-Arc vs. 

Arc-Path)IP Version

CPU Time 
(hh:mm:ss) ([2]-[1])/[2]

Max Link 
Utilization 

[2]

Node-Arc  Model

2

2
2

2

2

2

2

2

2

2

2

2

3

3

5

3

3

3

4

 
 
 



 

6 From the set {622, 2488} 
7 From the set {5, 6, 32, ..., 486} 
8 From the set {435, 1991, 89580}       
9 Terminated due to 1 hour time limit       30 

 
 
 
 
 
 
 
 
 
 
 

 
 
 

Table 7: Minimizing the Maximum Utilization - Large Networks
( Time Limit Equals 1 Hour, Optimality Gap equals 5% )

EU 18 35 3.9 100 [10,80] [1000,1500] 6 0.232 00:00:01 800 107 4 0.232 00:00:01 0.0%
US 28 42 3.0 250 [10,80] [1000,1500] 11 0.881 00:00:01 2000 251 8 0.881 00:00:01 0.0%
NA 36 67 3.7 250 [10,80] [1000,1500] 11 0.407 00:00:01 2000 265 6 0.407 00:00:01 0.0%
N0 20 31 3.1 300 [10,80] From Set 8 0.653 00:00:01 2400 313 6 0.653 00:00:01 0.0%
V 236 467 4.0 923 From Set From Set 17 0.343 00:14:22 7384 966 7 0.343 00:00:02 0.0%

V1 236 467 4.0 1000 [10,50] [10000,100000] 19 0.026 00:09:12 8000 1004 8 0.026 00:00:01 0.0%
V2 236 467 4.0 2000 [10.50] [10000,100000] 21 0.045 01:00:00 16000 2012 8 0.047 00:00:01 -4.3%
V3 236 467 4.0 3000 [10.50] [10000,100000] 21 0.097 01:00:00 24000 3010 9 0.104 00:00:01 -6.6%
V4 236 467 4.0 4000 [10,50] [10000,100000] 22 0.063 01:00:00 32000 4004 9 0.122 00:00:01 -93.2%

CPU Time 
(hh:mm:ss)

% Diff 
(Node-Arc vs. 

Arc-Path)Capacity 
Range

Demand
Range

([1]-[2])/[1]

# of 
(o,d) 

Demand
 Pairs CPU Time 

(hh:mm:ss)

Max Link 
Utilization 

[2]

Paths
Used

Max
Hops

Node-Arc Modified Procedure

Max
Hops

Max Link 
Utilization 

[1]

Arc-Path Modified Procedure
# of paths per (o,d) = 8

Total 
Paths

Name Nodes Links
Avg. 
Node 
Deg.

6

7 8

9

9

9



 

10 Terminated due to 1 hour time limit 
11 No Feasible Solution                  31 
  

Table 8: Minimizing the Maximum Utilization - Dense Random Networks
( Time Limit Equals 1 Hour, Demand Range is [100,500], Optimality Gap equals 5% )

R110 35 184 10.5 200 [1000,50000] 8 0.099 00:00:04 1600 229 5 0.109 00:00:01 -10.2%
R120 35 184 10.5 400 [1000,50000] 11 0.141 00:00:22 3200 435 5 0.216 00:00:01 -53.5%
R130 35 184 10.5 600 [1000,50000] 10 0.155 00:01:10 4800 661 5 0.155 00:00:01 0.0%
R140 35 184 10.5 800 [1000,50000] 8 0.203 00:03:55 6400 878 5 0.203 00:00:01 0.0%
R150 35 184 10.5 1000 [1000,50000] 8 0.247 00:04:11 8000 1069 5 0.247 00:00:01 0.0%
R210 45 332 14.8 350 [1000,50000] 8 0.049 00:02:21 2800 453 4 0.049 00:00:01 0.0%
R220 45 332 14.8 400 [1000,50000] 8 0.084 00:51:07 5600 875 4 0.084 00:00:01 0.0%
R230 45 332 14.8 600 [1000,50000] 9 0.379 01:00:00 8400 1241 4 0.103 00:00:02 72.7%
R240 45 332 14.8 800 [1000,50000] 7 1.027 01:00:00 11200 1607 4 0.137 00:00:03 86.7%
R250 45 332 14.8 1000 [1000,50000] 9 0.288 00:29:09 14000 1825 4 0.288 00:00:01 0.0%
R310 55 534 19.4 500 [1000,50000] 9 0.072 00:01:58 4000 556 4 0.072 00:00:01 0.0%
R320 55 534 19.4 1000 [1000,50000] 12 0.166 00:05:45 8000 1064 5 0.166 00:00:01 0.0%
R330 55 534 19.4 1500 [1000,50000] 10 0.219 00:20:29 12000 1580 5 0.219 00:00:01 0.0%
R340 55 534 19.4 2000 [1000,50000] 10 0.570 00:07:50 15993 2011 4 0.570 00:00:01 0.0%
R350 55 534 19.4 2500 [1000,50000] 12 1.151 00:08:08 19993 2501 5 1.151 00:00:01 0.0%
R410 65 381 11.7 800 [10000,50000] 12 NFS 01:00:00 6400 1135 4 0.029 00:00:01 -
R420 65 381 11.7 1600 [10000,50000] 10 0.067 01:00:00 12800 1896 4 0.059 00:00:01 11.7%
R430 65 381 11.7 2400 [10000,50000] 9 0.060 01:00:00 19200 3047 3 0.067 00:01:15 -12.2%
R440 65 381 11.7 3200 [10000,50000] 10 0.040 01:00:00 25600 3481 4 0.116 00:00:02 -188.6%
R450 65 381 11.7 4000 [10000,50000] 17 0.199 01:00:00 32000 4465 4 0.127 00:00:28 36.3%

CPU Time 
(hh:mm:ss)

% Diff 
(Node-Arc vs. 

Arc-Path)Capacity 
Range

([1]-[2])/[1]

# of 
(o,d) 

Demand
 Pairs CPU Time 

(hh:mm:ss)

Max Link 
Utilization 

[2]

Paths
Used

Max
Hops

Node-Arc Modified Procedure

Max
Hops

Max Link 
Utilization 

[1]

Arc-Path Modified Procedure
# of paths per (o,d) = 8

Total 
Paths

Name Nodes Links
Avg. 
Node 
Deg.

10

11

10

10

10

10

10

10
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Node-Arc Arc-Path ),( do  Pairs 
Paths Used Flow on Paths Paths Used Flow on Paths 

(2,4) 2-4 11 2-4 11 
(1,6) 1-2-4-6 

1-3-5-6 
1-3-4-5-6 
1-2-4-5-6 
1-3-2-4-5-6 

11.25 
4.5 
4.5 
2.25 
4.5 

1-3-4-6 
 
 
 
 

27 

(5,3) 5-3 
5-4-3 
5-4-2-3 

11.5 
5.75 
5.75 

5-3 
 
 

23 

(8,3) 8-6-5-3 
8-6-4-3 
8-6-5-4-3 
8-6-4-2-3 
8-6-5-4-2-3 

5.25 
5.25 
2.625 
5.25 
2.625 

8-6-4-3 
 
 
 
 

21 

(7,3) 7-5-3 
7-6-5-4-3 
7-9-8-6-4-2-3 

8 
8 
8 

7-5-3 
7-8-6-4-3 
 

12 
12 

Table A1: Shortest Paths Used in Problem S450 



 

  33 

Router 2

Router 3

Router 4 Router 5

Router 6 Router 7 Router 8

Router 1 

Router 9 

a 
Traffic from a to e =φ 

e 

[1, η=φ / 2] 

[1, η=φ / 2] 

[1, θ=η / 2] [1, θ=η / 2] 

[2,θ] 

[1, σ=θ / 3] 

[1, σ=θ / 3] 
[1, σ=θ / 3] 

[1,σ] [1,σ] [1,σ] 

OC-48 

[3,η] 

[Weight, Flow] 

OC-12 

 
 
 
 

 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 

 
 

 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
Path 1: a→Router 1→  Router 3→  Router 9→  e, Weight = 4 
Path 2: a→Router 1→  Router 2→  Router 4→  Router 9→ e, Weight = 4 
Path 3: a→Router 1→  Router 2→  Router 5→  Router 6→Router 9→e, Weight = 4 
Path 4: a→Router 1→  Router 2→  Router 5→  Router 7→Router 9→e, Weight = 4 
Path 5: a→Router 1→  Router 2→  Router 5→  Router 8→Router 9→ e, Weight = 4 
 

Figure 1: Percentage Flow Distribution in a OSPF Network  
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Figure 2: Six Router Example Network 
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1 2 3 

4 5 6 

         a: Root Router 1 

1 2 3 

4 5 6 

        c: Root Router 3 

1 2 3 

4 5 6 

         e: Root Router 5            f: Root Router 6 

1 2 3 

4 5 6 

Figure 3: Shortest Path Trees for the Network in Figure 2 

     b: Root Router 2 

1 2 3 

4 5 6 

         d: Root Router 4 

1 2 3 

5 6 4 
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Figure 4: Flow Distribution in ECMP Procedure 
(Shortest paths are 2-3-6, 2-3-5-6, and 2-5-6) 
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procedure Modified Dijkstra(o, d, V, E, w, ρ ) 
Inputs: o, d, V, E, w 
    /* V, E denotes the network with V routers and E arcs */ 
    /* (o,d) denotes the origin and destination routers */ 
    /* wij denotes the weight on arc (i,j) ∈  E */  
Output: ρ  
   /* jiρ set to 1 implies that router i is a parent of router j  */  
 
begin 

count ←  0, BigL ←  ( |E| max {wij :  ∈),( ji  E}) / 2 
Vm∈∀  do 

count ←  count + 1, list count  ←m, distm←  BigL 
Vv∈∀  do mvρ ←  0 

end do 
disto ←  0 
repeat  

/* Find router with smallest distance */ 
small ←  2BigL 

},,1{ countm K∈∀ do 
if  

mlistdist < small then 
savem ←  m, small ←  

mlistdist  
end if 

 end do 
s ←  savemlist  
if s = d then break 

 savemlist  ←  countlist , count ←  count – 1 
/* Process router s */ 

Ejs ∈∀ ),( do 
if dists + wsj = distj  then pjs←  1 

     if dists + wsj < distj then 
distj ←  dists + wsj 

Vm∈∀  do jmρ  ←  0 
          ←jsρ  1 

end if 
end do 

end repeat 
end 

 
 

 
 
 Figure 5: Multiple Shortest Path Algorithm 
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procedure Equal Flow Distribution(o, d, V, E, h, T, f ) 
Inputs: o, d, V, E, h, T 
    /* V, E denotes the network with V routers and E arcs */ 
    /* (o,d) denotes the origin and destination routers */ 
    /* hod

 denotes the demand value for the demand pair (o,d) */ 
    /* T denotes the set of all arcs in the shortest paths for demand pair (o,d) 
Output: f 
    /* fij denotes the flow on arc (i,j) ∈  E */  
 
begin 

VVji ×∈∀ ),(  do  
Mij ←  0, fij  ←  0 

end do 
     Tji ∈∀ ),(  do Mij ←  1 

Vj∈∀  do Supplyj ←  0.0 
Supplyo ←  hod, slist ←  {o}, t ←  0, i ←  0 
repeat while | slist | > 0 do 

/* find a col with Supply > 0 and no entries in col of M */ 
slistu∈∀  do 

      if uSupply = 0.0 then continue 
      count ←  0 

Vv∈∀  do count ←  count + vuM  
      if count = 0 then  

                                 i ←  u 
          Vv∈∀  do count ←  count + ivM  

t ←  Supplyi / count, Supplyi ←  0.0 
break 

end if 
end do 
slist ←  slist \{i} 

Vv∈∀ do 
     if Miv = 1 then 

      fiv ←  fiv + t, Supplyv ←  Supplyv + t, Miv  ←  0 
  if  v ≠  d then slist ←  slist U }{v  
     end if 
 end do 
     end repeat 
end 

 
 
 
 
 

 Figure 6: Equal Flow Distribution Procedure 
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procedure Equal Cost Multi-Path Split(V, E, D, w, h, c, U)                                   
Inputs: V, E, D, w, h, c 
    /* V, E denotes the network with V routers and E arcs */ 
    /* D denotes the set of demand pairs */ 
    /* wij denotes the weight on arc (i,j) ∈  E */  
    /* hod

 denotes the demand value for the demand pair (o,d) */ 
    /* cij denotes the capacity of arc (i,j) ∈  E */ 
Output: U 
    /* U denotes the maximum utilization */ 
 
begin 

Ddo ∈∀ ),(  do 
VVij ×∈∀ ),(  do jiparent ←  0 

call Modified Dijkstra(o, d, V, E, w, ρ ) 
VVij ×∈∀ ),(  do jiparent ←  jiρ  

/* Construct shortest path graph*/ 
slist ←  {d}, T  ←  φ  
repeat while | slist | > 0 do 

let slists∈  
slist ←  slist \{s} 

Vv∈∀ do 
    if svparent = 1 thenT ←  T U s)}{(v, , slist ←  slist U }{v  

      end do 
 end repeat 

VVji ×∈∀ ),(  do  ijflow ←  0 
call Equal Flow Distribution(o, d, V, E, h, T, f ) 

VVji ×∈∀ ),(  do ijflow ←  fij 
end do 
let U ←  max{ flowij / cij : (i,j) E∈  } 

end 
 
 

 
 

 
 
 
 
 
 
 
 
 

Figure 7: Pseudocode for ECMP split procedure 
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Figure 8: Four Router Example Network 

{12} 

Figure 9: Examples of Flows on Arcs for Invalid Pattern Combinations 
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procedure Arc-Path OSPF Weight Setting Algorithm (V, L, E, D, h, c, n, P, J, R, M, b, U)                              
Inputs: V, L, E, D, h, c, n, P, J, R, M, b 
     /* V, E denotes the network with V routers and E arcs */ 
     /* L denote the set of links connecting the routers */ 
     /* D denotes the set of demand pairs */ 
     /* hod

 denotes the demand value for the demand pair (o,d) */ 
     /* cij denotes the capacity of arc (i,j) ∈  E */ 
     /* n  is the maximum number of paths generated initially between a demand pair  
     /* Pod denotes the set of paths between demand pair Ddo ∈),(  
     /* Jp denotes the sets of arcs Eji ∈),(  in path p∈P 
     /* Rod denotes the set of patterns for demand pair Ddo ∈),(  
     /* Mp denotes the set of patterns that include path p P∈  
     /* brij denotes the flow distribution of pattern r that includes arc ),( ji  
Output: U 
     /* U denotes the maximum utilization */ 

  
begin 

  repeat 
       P U

Ddo
odP

∈

←
),(

, R U
Ddo

odR
∈

←
),(

, C φ←  

      DDdodo ×∈∀ ),(),,( 21 such that )( 21 oo ≠  do   
           C← contains pairs of incompatible patterns 
      end do 
      Solve Arc-Path Model 
      U_Arcpath←U, tolerance←1.0e-6 
                /* The weights from the arc-path model serve as input weights in the equal cost  
                    multi-path split procedure below */ 
       call Equal Cost Multi-Path Split(V, E, D, w, h, c, U_ECMP)   
       if  (|U_ECMP – U_Arcpath| / U_ECMP) ≤  tolerance then quit 
      Ddo ∈∀ ),(  do 
           ←odP UodP {paths from equal cost multi-path split procedure} 

                     ←odR UodR {patterns due to paths from equal cost multi-path split procedure} 
      end do 
  end repeat 
 end 
   
 
 
 
 
 
 
 
 

Figure 10: Pseudocode for Arc-Path OSPF Weight Setting Algorithm 
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Figure 11: Six Router Example Graph 

Figure 12: Seven Router Example Graph 

Figure 13: Eight Router Example Graph 
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Figure 14: Nine Router Example Graph 

Figure 15: Ten Router Example Graph 
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Figure 16: 11 Routers, 23 Links Graph 
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a: Node-Arc Model Solution  

b: Arc-Path Model Solution  

Figure A1: Flows Distribution for Problem S450 


