QUANTUM
COMPUTATION

REDUCING QUANTUM COMPUTATIONS
TO ELEMENTARY UNITARY OPERATIONS

Quantum computations are intimately connected with unitary operators. This article shows
that standard techniques from numerical linear algebra can be used to represent quantum
computations as sequences of simple quantum operations, called quantum Givens

operators, on

single quantum bits.

uantum computing has enormous po-
tential for introducing fundamentally
new capabilities to computational sci-
ence and engineering, primarily
through exponential parallelism. !
One of the many challenges in building practical
quantum computers is to reduce a general quan-
tum computation to some set of elementary op-
erations that simple quantum devices can im-
plement. By analogy, in the case of classical
computing, it is well known that the elementary
operations AND, OR, and NO'T are sufficient to
implement any finite classical computation. In fact,
the single NOR operation by itself is sufficient.’
Over the past 10 years, several researchers
have addressed the question of reducing quan-
tum computations to elementary operations.**
My goal here is to collect those results, simplify
them, and present the basic ideas in terms of tra-
ditional linear algebraic operations.’
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Some background

Our starting point is the observation that a
quantum computer implements a unitary matrix
operation on the quantum “state” of the quan-
tum computer’s register. In classical linear alge-
bra, any unitary matrix can be expressed as a
product of unitary operations acting in 2D
planes. The quantum computing analog of this
result is similar in spirit but different in the de-
tails, specifically about what constitutes a prim-
itive operation and how permutations are im-
plemented using bit exchanges.

"To begin, consider the Schrodinger equation
with a time-invariant Hamiltonian that governs
the evolution of a quantum computer:

ihm = Hx(t)
ot
where x is the quantum state of the computer’s
registers, H is the total system energy Hamil-
tonian (a Hermitian operator), and 7% is Planck’s
constant. It is well known that the solution to
this equation is

X(t) = &M/ x(0).

—iH/h

Because H is Hermitian, U =¢€ is a unitary
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For example,
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Figure 1. A 4 x 4 example of a classical triangularization or QR
factorization of U using complex 2D unitary operations.

operator, as we can easily verify:

U*=""/"=U and so U*U =UU* =1.

A quantum computer has a register consisting
of # quantum bits or qubits. Each qubit has clas-
sical states 0 and 1 so that the » qubit register
has 2” classical states. The state of the quantum
computer is a 2” dimensional vector, x, as above,
indexed by the classical state values, 7 = 000...00,
000...01, 000...10, ..., 111...11 in binary notation.
Moreover,

? W

and the squared norm of each component of x,
namely v, (7, can be interpreted as the proba-
bility that the register is in state j. Clearly,
||UX|| =|x| =1, because U is unitary. We call x the
wavefunctlon of the register.

In linear algebra terms, U is merely a 2”7 x 2"
unitary matrix that can be represented by
27-1(2"~ 1) unitary matrices operating on 2D
planes. We can see this by performing a classi-
cal triangularization or QR-factorization of U
using complex 2D unitary operations.” Figure 1
shows a 4 x 4 example, where * denotes a possi-
bly nonzero element. The notation 0  de-
notes the application of a unitary operation in
dimensions 3 and 4 from the right, namely GU.

HuE 0O 0 C.

For instance,

[ BO_ 1 g ouaC
B vH Nusd? +Juas? Hiay ~uea-

works just fine. The order of the sequence of
steps is very important to maintain Os where they
have already been introduced.

This is the standard QR-factorization algo-
rithm, typically based on so-called Givens rota-
tions in the real case (see other texts for infor-
mation on numerical linear algebra®). Calling
this a quantum Givens operation, we see that in
this example, we require 4*3/2 = 6 quantum
Givens operations. After applying these six op-
erations, the final matrix,

rl GU-D
1]

is unitary and upper triangular, and we can
readily see it must therefore be diagonal. (Just
consider the consequences of UU* = I on the
off-diagonal entries of a triangular unitary ma-
trix U.) This example shows the general ap-
proach to representing a unitary matrix as a
product of elementary 2D quantum Givens op-
erations together with a diagonal scaling ma-
trix, namely

D
U= EHQ]D D.
i O

However, we can’t implement quantum Givens
operations on two arbitrary coordinate planes of
the quantum register state vector, as shown be-
low, so some modifications of the classical algo-
rithm are required.
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Elementary quantum computer
operations

In keeping with standard notation used to de-
scribe quantum computer registers and opera-
tions, let the register consist of 7 input qubits, as
depicted in Figure 2. Think of control as pro-
gressing from left to right, and the devices in the
path affect the state of the quantum register.

This register has 2° = 8 classical states, whereas
the quantum state, the wavefunction, is an 8D
complex vector. In the following sections, I pre-
sent some elementary quantum gates and how
they operate on the qubits and wavefunction. El-
ementary quantum gates operate on a single
qubit at a time, with control optionally provided
by another qubit in some cases.

Qubit operation with no control bits
Figure 3 represents this operation. In the
figure,

_ BC

Vo o

is a single qubit quantum operation applied to
the second qubit. In the 8D wavefunction rep-
resentation with the standard ordering, this op-
eration is simultaneously performed on all pairs
of planes defined by states that differ only in
their second bits. So, the 8 x 8 matrix represen-
tation of this operation is given by

@ 0B 000O0O0C
baopo000OOL

0500000
0y 0350000C
©000a 0B Of
D000 0a0pBF
000y 0 d0C
o000y o0of

"This operates simultaneously and identically
on the (0, 2), (1, 3), (4, 6) and (5, 7) planes. Note,
I am numbering rows and columns starting with
0, not 1, to make some later derivations easier
to express. This is an elementary quantum gate
with no control bits. You can think of the reg-
ister representation and quantum gate opera-
tion as a shorthand for the unitary operation
presented above—I use this notation through-
out the article, and it might require some get-
ting used to. When in doubt, write out a simple
example (3 x 3 is typically enough) to get some
intuition.

Quibit
1.

2.

3.

Figure 2. Graphical depiction of a three-qubit
quantum register. Control and time flow from
left to right.

v
L J

Figure 3. A qubit operation with no control bits.

Qubit operation with control bits

Adding a control bit effectively means apply-
ing the operation only to states in which the cor-
responding control bitis set (that is, equal to 1 or
“True”). You can think of this operation as fol-
lows. All eight classical states are present in the
quantum computer, and the controlled quantum
operation only acts on the wavefunction coordi-
nates in which the classical states have the req-
uisite classical bit set to 1. Figure 4a, for exam-
ple, means apply V" only to the states in which
the first qubit is set, so the operation in matrix
terms is effectively

10000000
©1000000°C

0100000
0010000
%000a03og

000 0a0pC
000y 0 d0C
Wooooyo of

Similarly,

10000000
©a 0B 0000C
©0100000F
Dy030000C

C
%0001000[

0000a0BF
00000 10C

Hoooo0yo0oF

represents Figure 4b.
Finally, the elementary quantum operation on
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Figure 4. z
Elementary v
quantum L
operations (a)
((@) and (b))
with two
different v
control bits. (c) %
An elementary (b)
quantum
operation on z
the second v
qubit with %
both the first (c)
and third
qubits as
controls.
the second qubit with both the first and third
qubits as controls is depicted as shown in Figure
4c, which applies V only to the dimensions in
which both the first and third qubits are set. In
matrix terms, this is
@1000000O0LC
[O1000000L
0100000
Mo010000[
0001000¢
0000a 08
MO0O00O01O0C
Hoo00yoO0odF
The Toffoli gate
A special quantum gate is the so-called Toffoli
gate,
0 1C
T=
H OF
[T ] [ 7]
L ! L] iy
LT L]
[ 7] [ 7]
o o o o o o
T

o]

Figure 5. Graphical representation of elementary quantum
operations required to implement a 2 x 2 quantum Givens
operation in the i=011100, j= 110010 plane.

In classical terms, this is a qubit negation, be-
cause it maps classical states to their negations.
The Toffoli gate has many interesting proper-
ties in the quantum computing context.

Reducing a general quantum
computation to elementary quantum
operations

Recall that we are ordering coordinates of
the wavefunction vector from 0 to 2” — 1. This
makes it easier to demonstrate how to imple-
ment a 2D unitary operator acting on planes i
and j with 0 €/ <j < 2” — 1 using only the
above repertoire of elementary quantum op-
erations. Because i and j are different, they
have at least one bit different in their binary
representations, say, the kth bit. Using the kth
bit as a control bit, apply the Toffoli gate to
every qubit for which the binary representa-
tions of 7 and j differ, except the kth bit, of
course. Then, apply the Toffoli operator, un-
controlled, to all bits of the thus permuted 7
and j binary representations that are 0. This
permutation of the register state space effec-
tively makes all the bits of the permuted rep-
resentations of / and j equal to 1 except for the
kth bit. Now apply a quantum operator on the
kth qubit using all other qubits as controls. Fi-
nally, apply all the Toffoli gates that were orig-
inally applied in the reverse order to effec-
tively undo all the permutations.

For example, suppose we want to apply the
2 x 2 unitary,

_[r Br

V_B/ S

in the 7, j plane. Let n = 6, let i = 011100 and
7 =110010 be indices in binary numerical nota-
tion, and let £ = 5. Then we claim that the se-
quence of elementary operations in Figure 5 im-
plements precisely the unitary operation given
by Vin the i planes. Table 1 shows the sequence
of transformations that 7 and j undergo as a result
of these operations.

The transformations involving T are merely
permutations that reorder the coordinates of
the wavefunction, while the operation of " uses
all other qubits as control. That is, the opera-
tion of V only affects two coordinates of the
wavefunction. The sequence of permutations
after applying V" undoes the permutation of co-
ordinates. This construction effectively shows
that we can reduce any 2D unitary operation
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to a sequence of Toffoli gates with a single con-
trol bit—or no control bits at all—and 2D uni-
tary operators acting on a single qubit with
multiple control bits. The final step in the re-
duction is to show that we can reduce all ele-
mentary qubit quantum operations to Toffoli
gates with a single control qubit and uncon-
trolled quantum gates. This step is recursive
and goes as follows.

Without losing generality, consider the ele-
mentary qubit operation depicted in Figure 6a
by V. Because V'is unitary, it has a square root,
namely W, so that WI¥ = V. Then, the circuitin
Figure 6a is identical to the circuit in Figure 6b.

If the first 7 — 1 qubits are set, then we apply
WW =V as required. If any of the first n — 2
qubits are not set, but the #» — 1 qubit is, then
we apply WIW* = I. If any of the first n — 2
qubits are not set and neither is the » — 1 qubit,
we apply none of the transformations, so that
the transformation on those coordinates is ef-
fectively the identity. Finally, if the first # — 2
qubits are set but the # — 1 qubit is not, we ap-
ply WW =1

Applying this construction recursively, we see
that we can reduce the operation of a general I/
with any number of control bits to quantum
gate operations acting on one qubit with only a
single control qubit. The final reduction shows
that we can reduce a general J/ with a single
control bit to Toffoli gates (with single control
bits) and elementary unitary operations (with no
control bits).

To see this, consider the operation depicted in
Figure 7a, where Vis a general single qubit opera-
tion. Because Visa 2 X 2 unitary, we can write it as

V—%ié 0[]@40{/2 0 0

“Ho ¢°HH o &v/2H
choselz sn@/2dg B2 o C
Hsing/2 cos6/2fH o €P2F

Introduce matrices A, B, and C, defined as

A_@""”Z 0 [HcosB/4 sinf/4Q
“Ho &v2HFsing/4 cosol a8

_[Ocos-08/4 sin-0/A[fg@+B)y4 o C
THsin-0/4 cos-0/4H o @ el@BIak

c= @i(a—ﬁ)m 0 0
= H 0 e—i(u—ﬁ)/4H

B

Then ABC = I, while at the same time

Table 1. The sequence of transformations that i and j undergo as a

result of elementary operations.

f J

011100 110010
011100 010010
011100 011010
011100 011110
111100 111110
111101 111111

Transformation on the kth qubit by V using all other qubits as control

111100 111110
011100 011110
011100 011010
011100 010010
011100 110010
Vv
(a) L
| ? ! - M 1
w w
o L] LW LW ]

Figure 6. Elementary qubit operations with a multiple control bit
can be reduced to Toffoli gates with multiple control bits and
elementary gates with single control bits.

ATBTC = B 0

, [Ocos6/2 sinf/2ri& P2 o C
Hsin6/2 cos8/2HH 0 P2}

where T is the Toffoli gate. Finally, letting
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Figure 7. An elementary quantum gate with one control qubit, as
depicted in Figure 7a, can be implemented as a sequence of
elementary quantum gates with no control bits and Toffoli gates
with only one control qubit, as depicted in Figure 7b.

_30cC

TBeE’
you can see by direct multiplication that Figure
7a has the same operation as Figure 7b.

"This series of reductions shows that a general
quantum computation can be implemented us-
ing two extremely simple quantum operations:
Toffoli gates with single control qubits and ele-
mentary quantum gates operating on single
qubits, using no control qubits.

he functional representation of a
quantum computation is intimately
related to unitary matrices. It has pre-
viously been shown that general quan-
tum computations can be reduced to simple, ele-
mentary quantum gates acting on single qubits
with additional control provided by other qubits.
In this article, I used classical ideas from nu-
merical linear algebra to simplify this reduction
and make the presentation self-contained. Sev-
eral tantalizing questions remain to be explored.
To implement a general quantum computation
on a register with 4 qubits, the known reductions
including the one presented in this article, use
an exponential (in k) number of elementary
quantum devices. Can this exponential number
be reduced? Can it be reduced for a special but
large class of interesting quantum operations?
With respect to the physics and engineering of
quantum computers, how can these elementary
quantum gates be built reliably and in large
quantities? Mastering quantum computation re-
quires an intellectual investment, but the para-
digm opens up exciting new avenues to basic re-
search and engineering design, making that
investment worthwhile. &
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