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Abstract. Discrete finite-valued functions are increasingly important in applica-
tions involving automation and control. In particular, it is evident that industry is
focusing on ‘Systems-on-a-Chip’ (SoC) where the integration of analog (infinite-
valued) and digital (binary-valued) circuits must co-exist. As designers struggle
with these interfacing issues, it is natural to consider the intermediate circuits
that can be modeled as multi-valued, discrete logic-level circuits. This viewpoint
is not unprecedented as such principles have been used for at least the past twenty
years in telecommunications protocols. If an analogous approach is considered in
control systems implemented in ‘Integrated Circuit’ (IC) designs, it is proposed
that spectral analysis may provide an important role and efficient methods for
computing such mixed-radix function spectra are described here. These methods
are formulated as transformations of word-level decision diagrams representing the
underlying arithmetic expressions and can be implemented as graph traversal al-
gorithms. The theoretical foundation of the spectral transform of a mixed-radix
function is presented and the equivalence of the resulting spectrum and the spectrum
of a Cayley graph is shown.
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1. Introduction

It is shown that the analysis and synthesis of functions with discrete
domain and range spaces may be considered using algebraic group
theory and spectral analysis. It is proposed that such theory provides a
natural framework for the use of arithmetic expressions that represent
multi-valued (i.e. greater than binary-valued) functions. In particular
it is conjectured that this evolution of modern circuitry will first be
composed of infinite-valued (analog) circuitry that is interfaced with
digital (binary-valued) circuits and later be generalized to consist of
circuitry that can be modeled as a discrete mixed-radix arithmetic
expression. It is argued that the wealth of knowledge obtained using
discrete transforms for sampled analog signals may be well suited for
the synthesis and analysis of these conjectured new systems.
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It has been shown that the Walsh spectrum of a binary-valued func-
tion f(x1,x9,...,2,) may be computed as the spectrum of a Cayley
graph over the elementary additive Abelian group Zon using a gener-
ator based on f (Bernasconi and Codenotti, 1999). These results were
also generalized to a technique to compute the Chrestenson spectrum
(Chrestenson, 1955; Vilenkin, 1947) of finite discrete-valued functions
in (Thornton et al., 2002). In general, these techniques can be proven
to yield these spectra through the use of group character theory as
described in (Babai, 1979) where the resulting spectral values are shown
to be equivalent to inner products of the Cayley graph color vectors
and the rows of the group character tables. If a proper generator is
used in the formation of the Cayley graph, the corresponding color
graph vector can be defined such that it is equivalent to a discrete
function truth vector. Because the rows of the Walsh and Chrestenson
transformation matrices are defined as the rows of the group character
tables describing the elementary additive Abelian group (Karpovsky,
1976), the spectrum of the Cayley color graph is equivalent to the
spectrum of the discrete function.

Mixed-radix ‘Multiple Valued Logic’ (MVL) functions are assumed
to be finite and discrete-valued and depend on a finite-valued variable
support set {z;,...,z;} such that z; is g;-valued and z; is g;-valued
with g; # ¢;. The spectra of such MVL functions is of interest to circuit
designers and automated design tool researchers and developers. Spec-
tral transforms are described that are applicable to such functions over
the elementary additive (mod(p)) Abelian groups. Three formulations
of such transforms are described here; a linear transformation matrix
derived from a group character table, a Kronecker-based expansion
allowing for a ‘fast’ transform algorithm, and a Cayley graph spectrum
computation. It is shown that a particular spectral transformation of a
discrete mixed-radix function over Zg is equivalent to that over Zo X Zg
within a permutation. Also, it is shown that a Cayley graph may be
formed over Zg with a generator corresponding to the discrete function
of interest.

The results in (Bernasconi and Codenotti, 1999; Thornton et al.,
2002) considered the spectra of p-valued functions with variable sup-
port sets consisting of g-valued variables. Here the subject of comput-
ing the spectra of p-valued functions with support sets of variables
{z1,x9,...,z,} are considered such that each variable z; is g;-valued
and g¢; # g; for various pairs of (4, j). Here, such functions are referred
to as mized-radiz since the support variables are z; € Z; for different
values of 7. It is noted that the case of the function f being p-valued
is not as of much interest as the case of different-valued variables in
the support set since for p = 2 a Cayley graph results and for p > 2 a
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Cayley color graph results which can simply be considered as a disjoint
set of Cayley graphs.

The techniques described here allow for input-output signals of dis-
crete control systems represented as word-level decision diagrams to
be directly transformed into graphs representing corresponding spec-
tral arithmetic expressions. Furthermore, efficient algorithms exist for
the transformation of functions represented as word-level decision dia-
grams into their spectral counterparts. One application for these arith-
metic expressions is use in system identification computations. Non-
parametric estimation can be achieved through the use of spectral and
correlation analysis methods for estimation of frequency functions. As
a practical example, spectral estimates are used in the formulation of
control system models for biological processes as described in (Head et
al., 2001). Another example of the use of spectral techniques is in the
analysis of time-varying linear systems as described in (Wirth, 1998).

In the remainder of this paper, mixed-radix transformations are
considered and reviewed using transformation matrices formed as Kro-
necker products of elementary Walsh and Chrestenson matrices. It is
also demonstrated that such transforms may be specified as a group
character table over an appropriately ordered group and that the Cay-
ley graph technique as described in (Bernasconi and Codenotti, 1999;
Thornton et al., 2002) may be generalized for the mixed-radix case.

2. Transformations of MVL Functions Over an Additive
Abelian Group

The simplest case of a mixed-radix function where ¢; > 2 is the binary-
valued function f(x1,x2) where ¢ = 2 and ¢y = 3. A straight forward
extension of the techniques described in (Bernasconi and Codenotti,
1999; Thornton et al., 2002) is to encode each minterm describing f
as a unique element in Zg and then to formulate the group character
table for the additive Abelian group mod(6) and utilize this table as a
transformation matrix. This involves mapping each minterm to one of
six roots of unity in the set {ej%'%, eﬂ”%,eﬂ”%,eﬂ’r'%,eﬂ’r%,eﬂ”%}.
A graphical depiction of these points is shown in Figure 1. Past work
involving the definition of discrete transforms using finite groups is
available in (Pontryagin, 1954; Garaev and Faradzhev, 1968; Maslen
and Rockmore, 1995). Such transforms have been considered in the
past (Ahmed and Rao, 1975; Karpovsky, 1976) and referred to as
the generalized transform or generalized Fourier transform; however,
the formulation and relationship of these discrete function spectra to
graph spectra offers a new viewpoint. It is noted that the formulation of
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the generalized Fourier transform typically includes the use of scaling
constants referred to as “twiddling” factors. These are not included in
the following without loss of generality.

Jo
A

v

Figure 1. Diagram of Six Roots of Unity

A group character table is written with rows corresponding to irre-
ducible representations and columns corresponding to conjugacy classes
(Pontryagin, 1954; Dummit and Foote, 1999). Traditionally the rows
are labeled with y; which represent the irreducible representations as
is done here. Each column (i.e. the conjugacy classes) is labeled with
the notation as shown in Table 1. The purpose for this notation should
become apparent later in this section of the paper.

Table I. Group Character Table Over Zg

| xo xr1 T2 T3 T4 Ts5
X0 ao ao ao ao ao ao
X1 ao —az ai —aop a2 —ax
X2 ao ai az ao ai a2
X3 ao —ao ao —aop Qo —ao
X4 ao a2 ai ao a2 ai
X5 ao —ai a2 —ap ai —as

Using the results of (Babai, 1979), a transformation matrix may be
formulated using the rows of the group character table as shown in
Table I as rows in a transformation matrix. This can be accomplished
using the so-called “R-encoding” where the transformation matrix con-
tains complex-valued elements or with “S-encoding” where both the
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transformation matrix and the function truth vector are encoded into
complex values (Thornton et al., 2002). In both cases, a linear transfor-
mation, vector-matrix product may be formulated and computed. The
resulting transformed function is then an arithmetic expression that
represents the original function.

2.1. KRONECKER PRODUCT FORMULATION

An alternative way of computing the transformation matrix for a func-
tion f(x1,z2) where 21 € Zg and x5 € Zg is to utilize the Kronecker
(or tensor) product (Graham, 1981) to combine the transformation
matrices for the elementary additive Abelian group mod(2) and the
elementary additive Abelian group mod(3) (e.g. note that these are
also known as the Walsh and Chrestenson transformation matrices
of functions of one variable). Equation 1 illustrates the computation

. . 270 2.2
of the transformation matrix 7' where ap = ¢/?™5, a; = ¢/*™5 and
. 4
ag = /*™'s,
1 1 apg ap ap
T= ap a; a 1
1 —1 ® 0“1 @2 (1)
ap az ai

Carrying out the calculation in Equation 1, the transformation ma-
trix T" becomes that as shown in Equation 2.

ag Gp ao ago ago ago
ag a1 a2 ago a a2
T — ag G2 a1 ago a2 a (2)
ag Gp ap —ap —ap —ap
ag a1 a2 —ap —aip —az
ag G2 a1 —ap —az —a1

It is easily shown that the transformation matrix 7' is unique as
follows.

LEMMA 1. The inverse of matriz T exists and it is orthogonal (with
a scale factor of ﬁ)

Proof: In Equation 1, T' is formed as the Kronecker product of

the 2 x 2 Walsh transformation matrix W and the 3 x 3 Chrestenson
transformation matrix C'. Therefore the inverse of T is given as shown.

T il=wWweoC) '=Ww'lec! (3)

It is known that the inverses of W and C' are given as follows.
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1

W*:ﬁw (4)
1

Cil — 3—nC* (5)

Therefore 7! is given as shown in Equation 6.

_ 1 .
T = (W e ) (6)
O

Several other properties are noted with respect to the matrix 7" and
are given in the following lemmas.

LEMMA 2. A linear transformation matriz formed using the rows and
columns of the group character table given in Table I s identical to
matriz T under a set of row and column permutations.

Proof: Let G represent the matrix formed using the rows and
columns of the group character table given in Table I. Equation 7 holds
where U; and Uj are elementary permutation matrices.

G = U,TU, (7)
The matrices U; and U, are given in Equations 8 and 9.
_IOOOOOW
000010
001000
Ut=1000100 ®)
010000
(100000 1]
_IOOOOOW
000001
010000
“2= 1000100 )
001000
1000010 ]

g

This technique is computationally advantageous to the other meth-
ods presented here since the decomposition of the transformation ma-
trix into a Kronecker product of smaller dimension matrices allows for
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“fast-transform” techniques to be applied (Cooley and Tukey, 1965;
Shanks, 1969). As has been done traditionally, a butterfly diagram
may be used to characterize the “fast-transform”. Such diagrams are
described in detail in (Mason and Zimmermann, 1960) where the notion
of “signal flow graphs” is introduced. Butterfly diagrams are a signal
flow graph where vertices represent summation operations and edges
carry multiplicative weights. The butterfly diagram corresponding to
Equation 1 is shown in Figure 2.

Figure 2. Butterfly Diagram of Fast Transform

Alternatively, Equation 1 may be rearranged using the permutation
operations described in Lemma 2. When the permutation matrices are
not included, the same spectral vector components result but in a
different order. Equation 10 contains the relationship describing the
Kronecker expansion of the transformation matrix in this form and
Figure 3 is a an illustration of the corresponding butterfly diagram.

T:{ag a(l) agJ®“_H (10)
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Figure 3. Alternative Butterfly Diagram of Fast Transform

2.2. CAYLEY GRAPH SPECTRUM FORMULATION

To generalize the methods described in (Bernasconi and Codenotti,
1999) for the binary-valued case and (Thornton et al., 2002) for the
discrete p-valued case where p > 2, a Cayley graph must be specified
with an appropriate generator over the group Zqq.q;-....q._; Where each
variable x; is g;-valued.

The following definitions are used:

DEFINITION 1. A Cayley graph represents an algebraic group G =
{gi,*} and is denoted as Cay(V, E) where V is the vertezx set and E is
the edge set. Each v; € V uniquely corresponds to the group element g;.
Each e; € E corresponds to a colored edge with some associated color
gi- The set of edges E is a subset of ordered pairs of elements in V that
are generated by some binary operation(s) over elements in G. This
binary operator need not be the same as the group product operator .

In (Bernasconi and Codenotti, 1999; Thornton et al., 2002) Cay-
ley graphs were formed representing the elementary additive Abelian
groups with generators that were the evaluation of some discrete func-
tion of the same group. The function argument was formulated as
the digit-by-digit modulo-p difference of all possible minterms. For the
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binary case, the generator function yielding the adjacency matrix edge
colors is a;; = f(m; @ m; ) for all possible pairs of function domain
values (m;,m;). Likewise for the non-binary p-valued case, adjacency
matrix edge colors are generated as a;; = f(m; ©, m;). ©p denotes the
digit-by-digit difference of two minterms modulo-p.

The generalization to the mixed-radix case is quite natural. If each
minterm is composed of various polarities of n different g-valued vari-
ables, then argument of the generator function f is formed as a concate-
nation of (241 ©¢, zj1), (Zi2 OS¢ Zj2),- - -, (Tin Og, Tjn). This operation
will be denoted by the symbol & with no subscript, but with the un-
derstanding that it is applied digit-by-digit and modulo-¢;. In this case
the generator is given in Equation 11.

aij = f(m; © my) (11)

2.3. EXAMPLE SPECTRUM COMPUTATION

Using Equation 11, the adjacency matrix for the Cayley graph over Zg
is given in Equation 12.

F(0) 1(2) £(1) £3) 7(3) F(4)
7(1) 70) £2) £(4) 7(3) 7(5)

L | F@ T 70) £65) £(4) 73) 1)
1(3) 1(5) £(4) £(0) 7(2) 7(1)
F(4) 13) £(5) £(1) 7(0) 7(2)
1(5) 1(4) £3) £(2) 7(1) 7(0)

As an example consider the mixed-radix function described in Ta-
ble II.

Table II. Example Function

Truth-table
T T2 | X | f
0 0 0 0
0 1 1 1
0 2 2 1
1 0 3 0
1 1 4 1
1 2 5 0

The corresponding adjacency matrix is given as shown by Equa-
tion 13 and an illustration of the Cayley graph is shown in Figure 4.
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'011001}
101100
110010
A=1001011 (13)
100101
010110
VO

Vs

Figure 4. Cayley Graph of Example Function

The characteristic equation of A is C(A) = A% —6A1 —10A% + 61 +9.
Solving for the roots of C(\), the spectrum of f is found to be \; =
{ag,3a9, a1, az2,2a; + az, a1 +2as}. It is easily verified that the same set
of spectral coefficients result when the truth vector of f is multiplied

with the transformation matrix given in Equation 2 or the one formed
from Table I.

2.3.1. Decision Diagram Method

The ‘fast-transform’ methods described previously may also be imple-
mented in a graphical manner using decision diagram data structures
resulting in further savings (Stankovié et al., 1996; Thornton et al.,
2001). This formulation leads to a word-level graphical representation
of the arithmetic expressions (i.e. the spectral function) of the trans-
formed discrete mixed-radix function. Although the minimum number
of required operations for obtaining the spectral representation of a dis-
crete function is documented and has been studied in detail (Clausen,
1989; Maslen, 1998), decision diagrams can offer an advantage by avoid-
ing the cases of addition with a constant-0 and multiplication by a
constant-1 since these operations are implicit due to the reduction rules
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of the data structure. This technique can be viewed as an extension of
that applied to the constant radix discrete functions as described in
(Miller, 1987; Miller, 1994; Thornton and Drechsler, 2001) resulting in
a word-level decision diagram.

To illustrate the technique, we will first describe the computation
methodology using a word-level decision tree which can be thought of
as a non-reduced decision diagram. Note the tree will have internal
vertices with different numbers of exiting edges. This is due to the
mixed-radix function. Each internal vertex will have p edges where p
corresponds to the total number of logic levels represented by each
variable. Figure 5 contains a diagram of a decision tree representation
of an example function.

Figure 5. Decision Tree Representation of Example Function

The decision tree structure representing function f may be trans-
formed into another decision tree representing the spectrum of f. This
can be implemented as a depth-first traversal where the bottom-most
vertices are transformed to the spectral domain first. As an example,
the bottom vertices in Figure 5 represent ternary-valued variables;
hence, they must be transformed using the group table for the ele-
mentary additive Abelian group mod(3) (or, the ternary Chrestenson
transformation matrix for a function of one variable). The Chrestenson
transformation matrix for a function of one ternary variable is given in
Equation 14.

ap ap ap
Tl = ap ap a2 (14)
ap a2 a1

This will result in a tree as shown in Figure 6 and is constructed
by replacing the left-most group of terminal nodes with the following
values (in respective order):

final.tex; 22/07/2003; 2:36; p.11



12 Mitchell A. Thornton

0-a0+1-a0+1-a0:2a0
0-a0+1-a1+1-a2:a1+a2
0-a0+1-a2+1-a1:a1+a2

a,+a, a,+a, 0 1 0

Figure 6. Decision Tree with One Transformed Vertex

Note that the transformed vertex in Figure 6 now is denoted by a
subscript of S to denote that it represents a decomposition in terms of
the matrix in Equation 14. Performing the same transformation on the
remaining vertex labeled x2 yields a tree as depicted in Figure 7.

ZLIU a,ta, a,ta, " ; a,

Figure 7. Decision Tree with Ternary Variables Transformed

Finally, the top variable of tree must be transformed yielding the de-
cision tree representing the entire spectrum. Because the top variable is
binary-valued, the transformation matrix is formed from the character
group table representing the elementary additive Abelian group mod(2)
(or, the binary Hadamard-Walsh transformation matrix for a function
of one variable). The Hadamard-Walsh transformation matrix for a
function of one binary variable is given in Equation 15. This results in
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replacing the leftmost tree with the sum of the left and right subtrees
and the right-most subtree with the difference of the left versus the
right subtree as given by the transformation matrix Ty 1. The word-
level decision tree representing the transformed mixed-radix function
is shown in Figure 8.

Tpw1 = [Zg _Zg} (15)

3a, 2a,ta, | |a,*2a, a, a, a

Figure 8. Decision Tree with Ternary Variables Transformed

The spectral transformation over the decision tree illustrates the
basic principles used to develop a decision diagram-based algorithm
for spectral transformations. The key issue is the absence of vertices
representing subsequent variables in the ordering of the reduced deci-
sion diagram (Bryant, 1986). Reduced decision diagrams have paths
from the root (start) vertex to the terminal (labeled with a constant)
that may ‘skip’ variables. This feature is, in large part, responsible
for their compactness. In transforming a decision diagram representing
a discrete function into a spectral transformation, it is important to
consider such ‘missing nodes’ during the traversal.

During the postfix traversal of the decision diagram, it is important
to maintain an order of the p-value of each variable so that the appro-
priate transformation matrix can be employed. Not surprisingly, the
number of exiting edges from a non-terminal vertex is also the order of
the square transformation matrix for the particular transformation of
that graph node. The reduced decision diagram algorithm requires that
an implicit ‘missing’ node be inserted during the traversal, thus, allow-
ing for the transformation to take place and perhaps resulting in the
introduction of new non-terminal vertices in the resulting graph. Alter-
natively, the reduction rules allow for the elimination, and potentially,
the reduction of the spectral decision graph size.
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3. Conclusion

Spectral transformations of mixed-radix discrete functions result in an
arithmetic expression uniquely representing the function as a weighted
superposition of alternative basis functions. These arithmetic expres-
sions can be conveniently represented using word-level decision dia-
grams and often offer compact representations in terms of required
memory storage. Furthermore, the computation of the word-level de-
cision diagram has a temporal complexity equivalent to that of the
traditional ‘fast’ transform methods which have been shown to utilize
a minimal number of intermediate computations.

It has been shown that a particular spectral transformation of a
discrete mixed-radix function over Zg is equivalent to that over Zo X Zg
within a permutation. Also, it is shown that a Cayley graph may be
formed over Zg with a generator corresponding to the discrete function
of interest. The spectrum of the Cayley graph is equivalent to the
spectrum of the discrete mixed-radix function.

The motivation of this work is to provide additional ways of eval-
uating discrete multi-valued functions in the spectral domain so that
practitioners in the design and analysis of automation and remote con-
trol of devices may have a new set of techniques for use in applications
such as system identification and other tasks involving spectral and
correlation analysis for system estimation.
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