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ABSTRACT

In this paper, we present schedulers that minimize the total transmit power in a multihop wireless network.
The focus is on guaranteeing an end-to-end delay bound for a single variable bit rate flow on a multihop fading
channel. We first compute an analytical approximation for the transmit power required to send a variable bit
rate source over a finite state fading channel. We then use this approximation to derive schedulers that have low
complexity and near optimal performance over multihop networks where the fading processes on the multiple
hops are independent. Properties of the optimal delay allocation are also studied; in the special case of a Gaussian
network, the optimal delay allocation strategy is completely characterized.
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1. INTRODUCTION

The capacity of wireless ad-hoc networks has been an area of significant research interest beginning with some
significant results in.1 Capacity issues have been considered under different constraints on interference, maximum
node range, node mobility, hybrid ad-hoc-infrastructure networks2–8; these results typically study the scaling of
throughput with number of nodes. Scheduling and capacity in multihop networks with interference constraints
has been considered by many recent researchers (see9–12 and references therein).

The importance of incorporating traffic models in the design of physical layer of wireless systems has been
well recognized13–15 and cross layer optimization has been an area of significant recent research.16–21 Numerous
scheduling mechanisms have been proposed that explore the intricate relationship between packet delay, fairness,
throughput and power. Many prior works on scheduling22–25 operate in the power limited regime and use a
linear model for the power consumption with increasing rate. A consequence of this linear model is that power
savings (or equivalently throughput increases) with increasing delays are only possible in fading channels. On
the other hand, a bandwidth limited regime and an exponential model (as suggested by Shannon’s capacity
formulation or error rate analysis26) for power consumption with increasing number of packets transmitted has
been used in some analysis.27–31 A consequence of this exponential relationship is that power savings with
increasing delays are possible both in fading channels and in Gaussian channels with bursty traffic sources.
There are also other information theoretic studies of effect of delay on physical layer performace. For example, in
fading channels the concept of delay limited capacity is defined32 as the minimum rate that can be transmitted
over all channel states; for many channels like Rayleigh fading, the delay-limited capacity turns out to be zero.

The main problem that we explore in this paper is the optimal allocation of total end-to-end delay at the
different nodes to optimize a desired function (for example, summation) of the transmit powers at each of the
nodes in an ad-hoc wireless network. We do not consider the problem of routing or tradeoffs between single-hop
versus multi-hop transmissions. Instead, we assume that such decisions have been made by the higher layers.∗

The importance of optimal delay allocation can be motivated by comparing the optimal multihop delay allocation
scheme with a scheme in which the available delay is uniformly allocated to each of the hops: This comparison
is given in Table 1 for a simple 2-hop network. The sum of the transmit powers across the 2-hops is given for
two different values of end-to-end delay bound. It can be seen that uniformly allocating the available delay to
each hop results in over 1 dB loss in performance compared to the optimal allocation.

The main contributions of this paper can be succinctly summarized as below:
∗Although in cross layer optimization, routing decisions could depend on lower layer functionality, we omit such

possibilities for now. Joint scheduling and routing has been considered in.33



• We construct an analytical approximation for the power required to transmit a bursty source over a finite
state block fading channel under an average delay bound. This approximation, which is accurate for
medium to high delays, clearly shows the dependence of the transmit power on the source burstiness,
channel conditions and delay.

• For a multihop Gaussian network, we characterize the optimal end-to-end delay allocation strategy that
minimizes any linear (non-negative) combinations of the transmit power at each of the nodes. The optimal
strategy allocates a delay of 1 time-slot to all but the first node; the remaining delay is given to the first
node.

• For arbitrary ad-hoc networks, where each hop is modeled as a finite state block fading channel, we provide a
low complexity scheduling mechanism that has near optimal performance. The complexity of this scheduler
scales well with increasing number of nodes.

Although there are many factors that affect delay in a network, in this paper, we only consider the queuing
delay. For simplicity, the analytical results are derived for simple i.i.d. traffic models; representative results for
MPEG and Ethernet traffic sources are also given.

The rest of the paper is organized as follows. In Section 2 we describe the system under investigation and
summarize selected prior results on single hop scheduling (Section 2.1). In Section 2.2, we analyze single hop
fading channels and formulate the multihop problem in Section 2.3. In Section 3, we explore scheduling in
multihop networks; specifically, Section 3.1 focuses on multihop Gaussian networks and Section 3.2 focuses on
multihop fading networks. Finally, we summarize and provide some conclusions in Section 4.

2. PRELIMINARIES AND PROBLEM FORMULATION

Consider an ad-hoc wireless network with nodes N1, N2, . . . , Nm+1, which carries a single flow in the network.
Let nodes N1 and Nm+1 be the source and destination, respectively, for the traffic (or flow). Further, assume
that the packet is routed via nodes N2, N3, . . . , Nm. In this paper, we assume that each node Ni is capable of
simultaneously transmitting data to node Ni+1 and recieving data from node Ni−1. Further, we do not consider
the interference effect of one transmission on other transmissions in the network.

The traffic generated at source node N1 is assumed to be bursty (time-varying) and is stored in a buffer of
size B1. We consider a time-slotted system and the source produces packets at an average rate of λ packets/time-
slot. In time-slot n, the source produces an packets, each of size S bits, where an has distribution r(an). At
intermediate node Nj , the incoming packets are stored in a buffer of size Bj . We assume that the buffers are
large enough that buffer overflows do not occur. Analysis of packet outages or losses resulting for buffer overflows
are given in.34, 35 The number of packets in buffer Bj at the beginning of the nth time-slot is denoted by xn,j .
The scheduler at node Nj chooses un,j packets for transmission at the beginning of the time-slot, and uses power
Pn,j for transmission. Since the length of the time-slot is fixed, the rate of transmission is varied based on the
selected number of packets, un,j .

The received signal Yn,j+1 at node Nj+1, depends on the transmitted signal Xn,j at node Nj and is given by

Yn,j+1 = An,jXn,j + εn,j , (1)

where εn,j is the complex circularly symmetric additive white Gaussian noise with zero mean and variance σ2.
For simplicity, we set σ2 = 1. The channel gain An,j is assumed to be constant over the period of a time-slot,
i.e., the coherence interval of the channel is the same as the length of the time-slot. We use two models for
the channel between node Nj and Nj+1; an AWGN channel and a block fading channel. In the AWGN channel
model, we set An,j = Aj∀n. In the block fading channel model, An,j ∈ {Aj:i, i = 1, . . . , nch−states}. Further, the
channel state at each hop is assumed to form a Markov chain with transition probabilities given by qj:il, where
qj:il = Pr{An+1,j = Ajl/An,j = Aji}. The invariant distribution of the Markov chain, denoted pji, can be easily
calculated from this transition probability. Recognize that pji also represent the probability that the channel
gain in the jth hop equals Aji.



Power of Power based on Power with
Delay bound optimal allocation on low complexity allocation equal delay division

2.5 3.39 3.45 4.2
7.5 0.31 0.39 1.41

Table 1. Total transmit power required in the network for three different delay allocation strategies. The power (in dB)
normalized with respect to the power required at infinite delay.

Recall that the output traffic at node Nj−1 during time-slot n is the input traffic to node Nj . Thus, the
buffer update is given by,

xn+1,j = xn,j + un,j−1 − un, ∀j = 1, . . . , m, (2)

where, for notational simplicity we let un,0 = an. At each node, the average packet delay, Dj , is related to the
average buffer length via Little’s theorem36 as,

Dj =
1

λ
E {xn,j} , (3)

where, λ = E {an} is the average packet arrival rate. We assume that all packets that arrive in time-slot n
can be transmitted only in time-slot (n + 1) or later. A natural constraint on un is that 0 ≤ un ≤ xn. The
smallest average delay in the system is achieved when all buffered packets are transmitted in each time-slot, i.e.,

un,j = xn,j , which implies that Dj = 1
λ
E {un,j} = 1. The average end-to-end delay is given by Dete =

m+1
∑

j=1

Dj .

Using our convention, the minimum end-to-end delay, Dete, equals m, the number of hops.

The transmit power at node Nj during time-slot n depends on the number of packets transmitted, the
coding and modulation scheme used and the desired performance in terms of bit error rate (BER) or frame error
rate (FER). In this paper, we assume reliable packet transmissions in the Shannon theoretic sense. Although such
an assumption of reliability is only feasible asymptotically, it provides two benefits: a closed form expression can
be used for required power and it also provides a lower bound on the power required by any practical transmission
strategy. Moreover, advanced codes like LDPC and Turbo codes achieve performance very close to capacity with
finite block lengths. Thus, we use the famous Gaussian capacity formulation37 to derive the required power as
Pn,j:i = 1

|Aji|2
(eun,j:i − 1). The total network power is then given by

E





∑

i,j

pjiPn,j:i



 =
∑

j

E

[

∑

i

pjiPn,j:i

]

, (4)

where the expectation is over the joint distribution of un,j:i.

2.1. Single flow, single hop scheduling

We now summarize prior results on scheduling over a single hop wireless channel that will form the basis for
the analysis in this paper. It is well known that on a fading channel, the optimal transmission scheme could
exploit knowledge of instantaneous channel conditions to improve performance.38 For instance, one could delay
the transmission of packets on bad fading states and transmits more packets in the good channel states. Such
a transmission policy results in reduced transmission power at the cost of increased delay experienced by the
incoming traffic. A similar concept of delaying packet transmission until one is closer to a base station, thereby
ensuring high signal strength has been used, for example, in the INFOSTATION architecture.39 Further, using
such a transmission scheme the output traffic could have larger variation than the input traffic at that node.

An analogous effect has been shown for the transmission of bursty traffic over AWGN channels.28, 30 By
smoothing the variations in traffic arrival and transmitting at nearly constant rate, the transmission power is
reduced at the cost of increased delays. Note that in this case, the output traffic has lesser variation than the
input traffic.
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Figure 1. Plot to demonstrate the accuracy of the proposed closed form approximation for power required versus delay
in a single hop fading channel.

The minimal power delay bounded scheduler for transmitting bursty source over a fading channel has been
derived27, 28, 30 using dynamic programming methods. The optimal scheduler action is a combination of the
action in the two cases above; smoothing of bursty arrivals and introducing rate variations to transmit more
packets in good channel states and few packets in bad channel states. The variation of the transmit power with
delay is shown in Figure 1; it can be seen that substantial savings in power are possible for small increases in
delay.

Preliminary investigations have revealed that the scheduler designed for transmitting bursty sources over
AWGN channels behaves like a low pass filter. We also showed that the bandwidth of the filter depends inversely
on the delay bound.40 The filtering equivalence can be extended to scheduling of constant rate sources over
fading channels: In this case, it turns out that the scheduler behaves like a high-pass filter. When both the input
is bursty and the channel is fading, the optimal scheduler exhibits behavior that is a combination of low-pass
and high-pass; its actually a band-reject filter. These characteristics are depicted in Figure 2. The low pass,
high pass and band reject nature of the output traffic spectrum is clearly evident from the figure.

2.2. Single hop fading channels: Analytical Performance evaluation

As will become evident from the next section, finding an exact solution to the delay allocation problem in the
general multihop network is a problem of high computational complexity. In Section 3.2, we present a heuristic
low-complexity method to obtain near optimal solution. The basis for our method is the derivation of a simple
closed form analytical expression for the required transmit power at each hop as a function of the traffic, fading
channel and delay bound. The analytical approximation, which is derived in Appendix A based on a multivariate
Gaussian distribution assumption on the traffic output of a scheduler, is given by,

P̄j =

nch−states
∑

i=1

pji

|Aji|2

(

emji(Dj)+
σ2

uj:i
(Dj )

2 − 1

)

, (5)

where, Dj is the delay, mji(Dj) is the mean transmission rate, σ2
uj:i

(Dj) is the variance of the transmission rates,

|Aji|
2 represents the effective channel gain and pji is the probability of channel fading state i in the jth hop. In

Appendix A, we derive an approximate value for mji(Dj) and σ2
uj:i

in terms of the mean arrival rate, variance
of the arrival rate and the fading channel statistics. The accuracy of the approximation is then numerically
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Figure 2. Frequency response of the output traffic at a node in three different scenarios.

studied and compared with the power of the optimal scheduler in Figure 1. It is evident from the figure that the
approximation is accurate for moderate to large delay values.

As noted before, the output traffic at node Nj−1 node forms the input traffic to node Nj . The variance of
the output traffic at the node Nj can be derived (Appendix A) in terms of the variance of the input traffic to
that node, as

σ2
uj

=
σ2

uj−1

2λDj − 1
+

2λDj

2λDj − 1

(Dj − 1)2

D2
j

[

nch−states
∑

i=1

pjim
2
ji(∞) − λ2

]

. (6)

An interesting point to note is that the variance of the output traffic could be lesser or greater than the variance of
the input traffic. The output variance as shown in (6) depends on two factors: the first term due to the burstiness
of the input source and the second term due to the burstiness introduced by matching the transmission rate to
the channel state. For the transmission of a constant rate source, the first term equals 0 and the output variance

depends only on channel fading characteristics. Note that the term

nch−states
∑

i=1

pjim
2
ji(∞) − λ2 is a variance like

quantity that shows how different the optimal transmission rates (equvalently gains) in the fading states are. In
the case of an AWGN channel, the second term in (6) reduces to zero and the output variance only depends on
input traffic variance and the delay.

The following examples qualitatively illustrate this relationship.

Example 1: Consider a two state fading channel with gains Aj ∈ {1, 100}. Assume that the probabilities of
being in each individual state is given by Pr(An,j = 1) = 0.75, P r(An,j = 100) = 0.25. In this case the
optimal transmission rates in the two fading states at infinite delay can be calculated using (33) as mj1(∞) =
2.74, mj2(∞) = 11.76. For a sample traffic arrival with mean arrival rate, λ = 5 and variance σ2

a = 10, the ratio
of the output variance to the input variance is given in Table 2 for three different delay values. It is clearly evident
that the output variance could be higher or lower than the input variance depending on the delay constraint.
For this channel,

Example 2: In this example, we let Aj ∈ {1, 100} and set Pr(An,j = 1) = 0.25, P r(An,j = 100) = 0.75. The
optimal transmission rates in the two fading states at infinite delay are given by mj1(∞) = 0, mj2(∞) = 6.67.
For same traffic arrivals as in Example 1, the ratio of output variance to input variance is given in Table 2. In
this case, the output variance is strictly lesser than the input traffic variance.



Delay in time-slots 2 5 10 20
Example 1 0.45 1.01 1.26 1.39
Example 2 0.27 0.56 0.69 0.76
Example 3 0.05 0.02 0.01 0.005

Table 2. Ratio of output traffic variance to the input traffic variance for different channels and four different delays.

Example 3: In this example, we let Aj = 1, i.e., its an AWGN channel. In this case too, the output variance is
strictly lesser than the input traffic variance as illustrated in Table 2.

Using this approximation for the power required at a node, the summation of the powers required in the
entire network is given by,

P̄net =

m
∑

j=1

P̄j =

m
∑

j=1

nch−states
∑

i=1

pji

|Aji|2

(

emji(Dj)+
σ2

uji
(Dj )

2 − 1

)

. (7)

2.3. Problem formulation

The optimization problem os interest is posed as follows:

min
m
∑

j=1

Dj≤D̄, Dj≥1

∑

j

E

[

∑

i

pjiPn,j:i

]

, (8)

where the variables of optimization are un,j:i, ∀i, j, n. Recognize that in its general form, this optimization
problem is extremely complex to solve due to the dependency of input traffic at one node on the output traffic
at the previous node. The optimal results given in Table 1 were computed in the simple 2-hop case based on
an exhaustive search method and serves as a lower bound on the total transmit power required to support that
traffic under delay constraint. Instead, we use a statistical characterization of the output traffic at each node
to simplify the problem. Specifically, we characterize the mean and variance of output traffic at each node
to determine the input traffic at the next node. Such a characterization allows us to decouple the optimizing
function into tractable functions.

The optimization problem is then rewritten as follows:

min
m
∑

j=1

Dj≤D̄, Dj≥1

P̄net (9)

Now, the variables of optimization are just the delays allocated to the various nodes; conditioned on a par-
ticular delay being allocated, the optimal scheduler for that hop is calculated using dynamic programming
techniques.27, 30 It can be easily shown that the optimizing function in (9) is convex and the constraints are
linear. Hence, this problem is easily solved (even for large number of hops) using a numerical optimizer (e.g.,
the fmincon constrained optimization function in MATLAB). In some simple cases, analytical solutions to (9)
are also possible. The performance of the end to end scheduler based on this approximation is given in Table 1;
it is clear that the low complexity solution is near optimal.

3. MULTIHOP NETWORKS

In this section, we investigate the delay allocation problem in a multihop network. Our strategy is to completely
understand the effects in isolation of the bursty source and fading channel on the optimization problem and then
combine the two effects.



3.1. Gaussian Channels, Bursty Source

In the specific case of a Gaussian network, i.e., channel between each successive nodes Ni and Ni+1 is a Gaussian
channel, the optimal delay allocation strategy is quite simple and is characterized by the following Theorem.

Theorem 1: Consider a multihop wireless network with m-hops and let each hop of the network be modeled
as a time-invariant additive Gaussian noise channel. The incoming traffic or traffic generated at node N1 is
bursty. This traffic has to be transmitted to destination node Nm+1 via nodes N2, N3, . . . , Nm. There is an
end-to-end delay constraint Dete for flow. Any linear non-negative combination of the transmit powers at nodes
N1, N2, . . . , Nm is minimized by allocating delay of Dete −1 at the first link and delay of 1 at all the other links.

Recall that in our notation, the minimum delay at each node equals 1 time-slot and thus the minimum delay
over the entire network equals the number of hops.

Proof: The proof is by contradiction. The proof also uses the following property of scheduling over single
hop Gaussian networks; the larger the delay allocated to a link, the smoother is the output traffic at that node
and lower is the required transmit power.27, 30

In the “optimal” scheduler let the delay at two successive hops be Di and Di+1, where Di+1 6= 1 and let
the corresponding transmit powers equal Pi and Pi+1. We now construct a different scheduler, labeled ALT, at
nodes Ni and Ni+1 with delays D′

i and D′
i+1 such that D′

i + D′
i+1 = Di + Di+1. Further, we will show that the

total power of scheduler ALT, is lower than the “optimal” scheduler.

Consider the two different buffers Bi and Bi+1 at nodes Ni and Ni+1. Now, in scheduler ALT, assume
that both the buffers are at node i with one preceding the other and the scheduler at node Ni+1 has delay of
1 time-slot. The ALT scheduler action at node Ni includes the scheduler action of the “optimum” scheduler at
nodes Ni and Ni+1 with one minor modification; we assume that packets that arrive into the second buffer at
node Ni during time-slot n using scheduler ALT, can be transmitted in time-slot n or later. Clearly, with this
new scheduling mechanism, the delay D′

i at node i equals Di +Di+1−1 and delay D′
i+1 = 1. Further, the output

traffic at node Ni+1 using the new scheduler is the same as the “optimal” scheduler and hence the transmit
power at node Ni+1 is unchanged. However, the transmit power at node Ni is reduced since it is allocated a
larger delay. Hence, by contradiction the power is minimized by allocating a delay of 1 time-slot to node Ni+1.
By simple extension, we can prove that the optimal allocation of delay at all the hops after the first hop equals
1. �

We now provide an qualitative justification for the theorem. For a given delay constraint, the average transmit
power at each node increases with increasing burstiness (or variability) of incoming traffic. Moreover, over an
AWGN channel, the variance of the output traffic strictly decreases with increasing delay constraint. Thus, the
total power is minimized by allocating all the delay to the first node.

For the Gaussian network, we can also analytically approximate the gains of optimal delay allocation over
uniform delay allocation strategy. It should be added that with the equal delay allocation strategy, it is assumed
that each node schedules its packets optimally to minimize the local transmission power given delay constraints
at that node. The ratio of the power required using equal delay allocation to all hops versus optimal allocation
to all hops can be calculated using (7) as,

10 log

(

Peq

Popt

)

=

m
∑

k=1

e
σ2

a
(2λDete/m−1)k

m
∑

k=1

e
σ2

a

(2λ(Dete−1)−1)(2λ−1)(k−1)

(10)

A plot of this ratio is given in Figure 3 for two different traffic arrival streams - one stream contains Ethernet
traffic trace and the other stream is an MPEG trace. It is clear that substantial power savings result when the
delay is allocated optimally across the multiple hops.
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Figure 3. Plot of ratio of power required in dB with optimal delay allocation versus uniform delay allocation for two
different traffic traces. A 4-hop wireless AWGN network is considered and hence smallest end-to-end delay equals 4.

3.2. Fading channel, constant rate source

Analogous to case 1, even in this scenario, the transmit power decreases monotonically with increasing delay
bound. However, the output traffic at a given node could have more or less burstiness than the input traffic at
that node.† Qualitatively, larger the variation in |Aij |

2 at a given hop, the larger is the variance of the output
traffic, i.e., the output is more bursty. As a result of this increased burstiness, the optimal delay allocation can
be substantially different from case 1. For example, using a simple two state fading channel with gains 1 and
1000, and a two hop network, the optimal delay allocation strategy gives nearly 80% of the total delay to the
second hop and the remaining 20% to the first hop.

3.3. Bursty Source, Fading Channels

In this case, the optimal allocation of delay depends on the characteristics of the source and the fading channels
at the different hops. Although no generalization like in case 1 (Theorem 1) can be made, we observed the
following properties.

Empirically observed Property 1 : Given an end to end delay Dete across a n-hop wireless network, setting
the delay at each of the hops as an affine function of the total delay Dete results in near optimal performance.
The slope and intercept of this affine function is (clearly) different for the different hops and depends on the
input traffic arrival statistics, and the fading characteristics of the different hops. This property is illustrated in
Figure 5 for a simple 4-hop network.

Empirically observed property 2: In our preliminary investigations, we found that in the optimal allocation
of delay across the various nodes, the spectrum of the transmitted data rates across the various links were
“matched” to one another. (e.g. Figure 4 shows the spectrum in the general case of fading channels and
bursty source in which delay is split between the two links.) This critical observation leads us to conjecture
that a deeper connection exists between scheduler design and spectral analysis approaches. The ‘matching’ of
sources and channels at the bit/signal level has been considered42 to optimize performance. Our results indicate
that similar ‘matchings’ between traffic arrivals and fading process occurs at the packet level. Unlocking this
connection could lead to scheduler designs similar to the impedance matching approach and should be considered
in future work.

†A similar observation on output entropy of a queue is made in.41
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Figure 4. Plot of power spectrum of the output traffic in a simple 2-hop wireless network.
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4. CONCLUSIONS AND FUTURE WORK

In this paper, we proposed a framework for studying the delay allocation problem in an ad-hoc wireless network.
A closed form expression for the total required power in a network is derived as a function of the delay allocation
and approximation is exploited to find near optimal schedulers.

The proposed framework can also be used to making routing decisions. Specifically, to compare between two
different routes, the proposed framework can be used to compute the total power required in the two routes for
a given end-to-end delay constraint. The total power can then be used as the metric to make routing decisions.
Such an algorithm is different from traditional power based routing algorithms, in that it provides a unified
framework for considering the effect of source bustiness, channel variations and end-to-end delay bounds.

The proposed scheduling framework can also be extended to include physical constraints e.g. ensuring that
each node cannot transmit and receive at the same time or introduce a distance-2 interference constraint that
well models the 802.11 MAC.

APPENDIX A. DERIVATION OF CLOSED FORM EXPRESSION FOR POWER
CONSUMPTION IN FADING CHANNELS WITH DELAY CONSTRAINTS

Recall that the buffer update is given by

xn+1,j = xn,j + un,j−1 − un, (11)

assuming that there are no buffer overflows. Taking the expectation on both sides of the above equation, we
obtain

E[un,j−1] = E[un,j ] = E[an] = λ. (12)

Squaring (11) and taking the expectation on both sides, we get,

E[x2
n+1,j ] = E[x2

n,j ] + E[u2
n,j−1] + E[u2

n,j ] + 2λE[xn,j ] − 2λ2 − 2E[xn,jun,j ] (13)

=⇒ σ2
uj−1

+ σ2
uj

+ 2λ2Dj = 2E[xn,jun,j ] using (3) (14)

We now approximate the scheduler action to be linear function of the buffer occupancy; a similar approximation
is used for scheduling over an AWGN channel.30 Hence,

un,j:i = µjixn,j + νji (15)

=⇒ E[un,j:i] = mji(Dj) = µjiλDj + νji, (16)

where, mji(Dj) represents the average number of packets transmitted in fading channel state Aji. Squaring (15)
and taking expectation, we obtain,

E[u2
n,j:i] = µ2

jiE[x2
n,j ] + ν2

ji + 2µjiνjiλDj (17)

=⇒ σ2
uj:i

= µ2
jiE[x2

n,j ] − µ2
jiλ

2D2
j = µ2

jiσ
2
xj

(18)

Thus,
σuj:i

µji

= σxj , (19)

which is a constant for all i. We now use a heuristic form for mji(Dj) as

mji(Dj) = mji(∞) +
λ − mji(∞)

Dj

= mji(∞)
Dj − 1

Dj

+
λ

Dj

. (20)

This heuristic is basically a linear interpolation operation for average transmission rate in each fading state,
between λ and mji(∞). The heuristic form is thus optimal at the two extreme delays of 1 and ∞. Substituting
from (15) into (14),

σ2
uj−1

+ σ2
uj

+ 2λ2Dj = 2

{

∑

i

pjiµjiE[x2
n,j ] + λDj

∑

i

pjiνji

}

(21)



Now, we set µji = 1
λDj

, ∀i. Thus, νji = mji(Dj) − 1, ∀i. Using these values for µji and νji, along with (19), we

obtain,

σ2
uj−1

+ σ2
uj

+ 2λ2Dj = 2
∑

i

(

pji

µji

(σ2
uj:i

+ µ2
jiλ

2D2
j ) + λDjpjimji(Dj)

)

− 2λDj (22)

= 2λDj(σ
2
uj:i

+ 1) + 2λ2Dj − 2λDj for any i (23)

= 2λDj [σ
2
uj:i

+ λ] (24)

Characterizing the output traffic variance

Now, the variance of the traffic output at a node can be derived as

E[u2
n,j ] =

∑

i

pjiE[u2
n,j:i] (25)

=⇒ σ2
uj

=
∑

i

pji

{

σ2
uj:i

+ m2
ji(Dj)

}

− λ2 (26)

= σ2
uj:k

+
∑

i

pjim
2
ji(Dj) − λ2 for any k (27)

=
σ2

uj−1

2λDj − 1
−

2λDj

2λDj − 1

(Dj − 1)2

D2
j

[

λ2 −
∑

i

pjim
2
ji(∞)

]

(28)

Applying (27) into (24), we obtain,

σ2
uj:k

=
1

2λDj − 1

[

σ2
uj−1

− λ2 +
∑

i

pjimji(Dj)
2

]

(29)

=
1

2λDj − 1

[

σ2
uj−1

− λ2 (Dj − 1)2

D2
j

+
(Dj − 1)2

D2
j

∑

i

pjimji(∞)2

]

(30)

The transmit power in each channel state is calculated by assuming that the traffic output in each channel state
has a Gaussian distribution with mean mji(Dj) and variance σ2

un,j:i
. Thus,

E{Pn,j} = P̄j =

nch−states
∑

i=1

1
√

2πσ2
uj

∫ ∞

−∞

pji

|Aji|2
(eun,j:i − 1)e

−
(un,j:i−λ)2

2σ
u2

j:i dun,j:i. (31)

=

nch−states
∑

i=1

pji

|Aji|2

(

eλ+
σ2

uj:i
2 − 1

)

(32)

Optimal transmission rate in each fading state at infinite delay

The average rate of transmission mji(∞) in each channel fading state at infinite delay can be easily computed
using standard water-filling techniques. For the problem at hand, this transmission rate is computed as fol-

lows. The total power over a fading channel is given by E[P ] =
∑

i

pji

|Aji|2

(

emji(∞) − 1
)

, where
∑

i

pji = 1,

∑

i

pjimji(∞) = λ, and mi(∞) > 0. Using standard Lagrangian methods, we can easily show that

mjk(∞) =
1

∑

i

pji

(

λ +
∑

i

2pji log

(

Ajk

Aji

)

)

, (33)

where i is the summation over states for which 0 ≤ mji(∞) ≤ λ
pji

.
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