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     Abstract - A traditional optical imaging device uses a 
single high quality lens designed to project the field of view 
onto a sensor array for direct image creation. A camera with 
a flatter form factor using an array of smaller lens elements 
would create an array of smaller lower resolution images. 
Reconstruction of high resolution images from multiple low 
resolution images at various displacements is a well studied, 
ill posed problem. Using lenses with different imaging 
characteristics improves theoretical performance results and 
also reduces the general image reconstruction problem to a 
set of loosely coupled smaller reconstructions. Performance 
limits for reconstruction from multiple lower resolution 
images is considered as a function of measurement bit 
precision, measurement noise, and lens model uncertainty. 

 
 

I. INTRODUCTION 
 
Typical optical imaging devices have a single lens 
selected to focus the desired image onto a sensor array at a 
desired magnification. For a good quality system that is 
focused correctly, the digitized output of the sensor can be 
viewed directly without further processing. The major 
cost associated with this type of imaging system is usually 
the optical components. The length requirement of the 
optical column which will focus the image determines the 
form factor for the device, and for a traditional system, 
this is not compatible with a flat form factor. A flat 
camera, if it could be designed, would have many 
potential applications ranging from conformal sensing 
skins on surveillance aircraft to head-mounted camera 
patches for firemen and rescue workers. 
 
    In many applications, such as radio astronomy or 
medical imaging [1,8] for example, the traditional 
imaging approach is not used. Instead, integrated 
measurements of the image field are sampled with lower 
resolution elements, and image reconstruction methods 
are used to compute higher quality images.  Recent 
advances in optical imaging sensors have created an 

opportunity to use similar image reconstruction methods 
in the design of imaging devices with a flat form factor 
[5].  For example, the TOMBO imaging device [7,9] uses 
an array of small lenses and CCD sensors to create a 
corresponding array of overlapping low-resolution images 
which are recombined to form a higher-resolution image. 
Other designs have been proposed [4,6,10,11] which 
would improve the quality of the reconstructed image, 
allow range and resolution control, and be 
computationally reasonable.  This type of reconstruction 
task uses methods similar to those of computed 
tomography in medical imaging [5] and image registration 
[e.g. 2].   

The problem of reconstructing high resolution images 
from multiple overlapping low resolution images is a 
well-known theoretical super-resolution problem [see e.g. 
3]. This problem has many challenges in both theoretical 
analysis and in practical application with noisy 
measurements and quantization limits. The resolution of 
the reconstruction will depend on how many different low 
resolution images are available and the amount of relative 
translation between them at the range of the scene of 
interest. In theory, many small translations are needed for 
high resolution. But small translations also result in a 
small amount of new information in the data from each 
additional low resolution image. For meaningful 
computational results, smaller translations will require a 
higher bit precision in the measurements to represent 
small but significant differences and a larger number of 
bits to prevent overflow problems.  

In this paper a measurement model is presented for the 
acquisition of an array of low resolution images using a 
micro-lens array. A reconstruction method is developed 
for this model, and the expected error is evaluated as a 
function of image size, resolution improvement, and noise 
level. The objective is to develop computationally 
efficient procedures for high-quality image reconstruction.  
Partitioning the problem into independent reconstructions 
of small image tiles can reduce computation, but all the 



information in the measurements may not be used. A 
second level of computation would be needed to form the 
best complete image from the tiles. 

This paper also explores the use of lens diversity to 
decouple the individual tile reconstructions and improve 
the quality of the final image. Lens diversity can be 
achieved by adding observations taken from sensor/lens 
systems with different magnifications or by using lenses 
with a space variant magnification. The solution with 
multiple lens magnifications is shown to lead to a modular 
reconstruction method that allows small loosely coupled 
sub-tiles to be estimated separately. A similar method can 
be used for the space variant magnification model. This 
technique allows parallel computation of the individual 
tile results and computationally reasonable merging of 
multiple tiles. Both expected error computations and 
simulated reconstruction examples demonstrate the 
advantages of this approach. 

 
 

II. MEASUREMENT MODEL 
 
     Consider a two dimensional source image, f , and an 
observed image, g, each stored in a column vector in row 
order. For the traditional single lens, high resolution 
imager, g is related to f by an observation matrix H as 
shown in Equation (1). 

 
g = H f + v. (1) 

The vector v represents measurement noise. For the high 
resolution imager, the  observations in g are viewed as our 
estimate of the desired image f. The H matrix represents 
the model of the imaging system, and if there is no change 
in magnification, the ideal H would be an identity matrix. 
Typically the system is in focus, and the point spread 
function of the imaging system is assumed to be small 
compared to pixel size.  

In applications, H may represent both magnification 
changes and a finite point spread function. For large point 
spread functions, an image restoration step may be used 
when statistics of the noise and image source class are 
also known. The resolution of g is limited by the size of 
the sensor pixels and lens magnification. It is also 
assumed that the exposure time is chosen to provide the 
desired dynamic range of measured pixel values from the 
sensors. 
 
A. Array of Sub-Imagers 

The lens just described requires a “cubic” or large form 
factor. For a flat camera form factor would need a smaller 
lens positioned closer to a smaller sensor array. The 
change in magnification factor would reduce the 

resolution of g. Equation (1) would still represent the 
general measurement the model, but the length of g would 
now be much smaller compared to the traditional system, 
and H would be modified according to the characteristics 
of the small lens. 

From a single small image, very little improvement in 
resolution could be expected from traditional image 
restoration methods. But an array of small imaging 
systems, called sub-imagers, could provide information to 
compute a higher  resolution estimate of f using image 
reconstruction techniques. Each sub-imager would have a 
micro-optical system and a small pixel sensor array.  

Assume that the desired image at the desired resolution 
has Kf rows and Lf columns. The column vector f will 
have N= Kf * Lf elements. Let g00 be a J element pixel 
array associated with a single sub-imager. If the resolution 
of g00 is much lower than f, then J will be much smaller 
than N. Assume that the position and orientation of the 
subimagers is controllable. A second identical sub-imager, 
g01, can be positioned so that its field of view is shifted 
slightly in the horizontal direction. This is represented by 
a shift of X pixels in the desired image vector, using a 
shift matrix Z with elements z( k, l) = δ(k + 1- l). This is 
shown in Equation (2). Assume that f spans the field of 
view for all sub-imagers so that when a shift operation 
post multiplies HS, all elements lost in shifting are zero. 
Similarly, let g10 be another identical sub-imager with a 
vertically shifted field of view. This is also shown in 
Equation (2) as a larger shift, since the image array in f is 
stored by rows. 

g00  =     HS f + v00  =   H00 f + v00. 

g01 = HSZX f + v01  =   H01 f + v10. 

g10 = HSZY f + v10 =   H10 f + v10. 

 

(2) 

    

    When these small images are formed with correctly 
oriented micro-optical systems and then are used to create 
an estimate of the desired image, it can be considered a 
problem of image reconstruction. New observations from 
each new small image add new information about f. A K x 
L array of M=K*L sub-imagers will produce M low 
resolution images with a total of M*J image pixels. Using 
all the pixel arrays from all the sub imagers, a better 
estimate of the original image can be made, for example 
as described in [7,9]. The combined observations from the 
array of sub-imager sensors is shown in Equation (3). 
Here the concatenated vector of small low-resolution 
images does not represent the final image we wish to 
view.  

 g = [ g t
 00   g t

 01 …  g t
 0 L-1   g t

 10  …  g t
 K-1 L-1 ]t  

    = [H t
 00   H t

 01  ...  H t
 K-1 L-1  ]t f  + v = Hf + v (3) 



    In Figure 1 a slice through an array of sub-imagers is 
shown schematically.  The desired image at the desired 
resolution is shown at the top of the figure, and the pixel 
arrays of individual sub-imagers are shown at the bottom 
of the figure. The magnification factor of the small lenses 
causes many pixels at the top to be projected onto a single 
pixel at the bottom. In this figure perfect focus is 
assumed, and the overlapping fields of view of different 
sub-imagers are shown. 
 

 
Figure 1: Slice through overlapping sub-array fields of view. 
 
B. Sources of Noise 
 
    The noise vectors used in Equations (2-4) can be used 
to model uncorrelated measurement noise with a Gaussian 
distribution about a zero mean.  It can also be used to 
model quantization noise as a uniformly distributed 
random variable between –w and w, where the value of w 
is determined by the number of bits used for each pixel 
value in g.  Additional sources of noise with more 
complex statistics include random noise with a variance 
that depends on the values of g and noise due to model 
errors in H. 
 

III. IMAGE RECONSTRUCTION FROM ARRAYS 
 

    A linear minimum variance of error estimator, as shown 
in Equation (4), can be used to compute an estimate for f 
at the desired resolution using all of the observations in 
Equation (3). Here f0 is the expected average value for the 
image, Rv is the expected covariance matrix for the noise 
vector v, and P0 is the expected covariance matrix for the 
initial estimate of the image data. 

 
f
)

 = f0 + P0 Ht( H P0 Ht + Rv )-1 (g – H f0) 
    =  f0 + A (g – H f0), 

 
(4) 

    It is still assumed that the sub-imagers are well focused, 
and that the point spread function of the optical system is 
small compared to the area of individual pixels. In general 
the H matrix will represent the integrating effect of the 
pixel sensors for a given lens magnification. A number of 
adjacent pixels in f will be added with approximately 
uniform weighting to form each observed pixel in g. If the 
response of the lens system is shift invariant, the resulting 
null space makes this reconstruction problem ill 
conditioned and will limit performance in the presence of 
noise or limited quantization. 

    If Gaussian statistics are assumed, Rf, the expected 
covariance of the image error ( f- f

)
), can be written as 

shown in Equation (5). Here RvM is the actual covariance 
matrix for the noise vector v, and P0M is the actual 
covariance matrix for the initial estimate of the image 
data. This can be used to compare the expected 
performance of different reconstruction methods. 
 

Rf = (I – AH) P0M(I – K H) t + A RvM A t (5) 
    
 

IV. BENEFITS OF LENS DIVERSITY 
 

The performance of the image estimator of Equation 
(4) can be improved by taking additional measurements. 
A second set of measurements for the same f taken with 
the same type of sub-imagers will help by averaging 
noise, but will not add much new information. However, 
if a different imaging geometry is used for a second set of 
measurements, there will be much greater improvement in 
the reconstructed image. Using several different sub-
imager arrays with different imaging system 
characteristics, as shown in Equation (6), can improve 
performance by reducing the null space associated with a 
single lens type. 
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Using a simple example, Figure 2 demonstrates the 
improvement in the average expected squared error for 
reconstructions of image tiles using lens diversity. Sub-
imager array type I uses a 3x3 array of sub-imagers in 
which each sub-imager has a 5x5 pixel sensor and the 
magnification is 1/3. Sub-imager array type II uses a 5x5 
array of sub-imagers in which each sub-imager has a 3x3 
pixel sensor and the magnification is 1/5. Sub-imager 
array type III uses a 4x4 array of sub-imagers in which 
each sub-imager has a 4x4 pixel sensor and the 
magnification is 1/4. 



Figure 2 plots the average expected squared error for a 
reconstructed 19x19 pixel image tile as a function of the 
actual variance of the added noise. Estimators used 
expected noise values of 10–6, 10-4, 10-2, and 1. It is 
assumed f is selected from the set of all possible images 
with pixel values between 0 and 255. The top curve shows 
the error from two sets of sub-imagers, both of type I. The 
curves for all four estimators are almost identical and can 
not be distinguished for actual noise variances less than 1. 
There is almost no improvement in the expected error as 
the noise variance is reduced. The next two solid curves 
show the error for a combination of two sets of sub-
imagers, one of type I and one of type II. For actual noise 
variances below 0.1, the two-lens system outperforms a 
single lens system using the same number of observations. 
In both cases, the null space of H prevents improvement 
in the expected error for very low values of noise 
variance. 

The lower three solid-line plots show the expected 
error for a combination of all three types of lens systems. 
The expected error is reduced as the actual noise variance 
is reduced until it falls below the expected variance.  

Figure 2: Expected squared error as a function of measurement 
noise variance for a single image tile for different lens types and 
expected noise variance.  

When two lens types are used, the expected error in the 
estimates of the image pixels is not uniformly distributed 
over the 19x19 pixel tile, and the pixels at the edge of the 
tile have the lowest confidence.  This is demonstrated for 
the low noise case in Figure 3 in a two dimensional self 
normalized display of expected error for an image tile. 
The maximum value associated with a white pixel appears 
above each display. For the type I lens only, shown on the 
left, there is no reduction in the average error when the 
border pixels are removed. For the combination shown in 
the center, the highest errors are on the edges, and 
trimming the borders of the reconstructed tile reduces the 
average error. The relative improvement from trimming 

the borders is less when three different magnifications are 
used, but the average expected error is much lower in both 
cases. The dotted curves in Figure 2 show the average 
expected error of the trimmed tiles for the various 
estimators. 

 
Figure 3: Spatial distribution of expected squared error within 
the tile for type I lens (left), combined I and II (center) and all 
three types (right). The top row shows results for the full tile and 
the bottom row has the border pixels trimmed away. 

When a larger sensor array is used, but all other factors 
are constant, the reconstructed image will have a lower 
expected error, but the computation defined by Equation 
(4) will increase significantly. In Figure 4 the expected 
error for a 35x35 tile is plotted in the same manner as 
shown in Figure 2. The relative improvement using the 
larger tile size is more apparent for the systems where the 
null space of H limits performance.  

 
Figure 4: Results shown as in Figure 2 for a 35x35 tile instead 
of 19x19. 

 

When the magnification is reduced, the noise variance 
must also be reduced to achieve the same expected error 



performance. Figure 5 compares the performance of the 
three-lens systems shown in Figure 2 for a 19x19 tile and 
Figure 4 for a 35x35 tile with the performance of a 41x41 
tile reconstructed from images with magnifications of 1/5, 
1/6, and 1/7. The parallel straight diagonal lines show the 
error for the estimator with the lowest expected noise 
variance. The lowest line, for the 35x35 tile, shows the 
small improvement when the tile size is increased 
compared to the line for the 19x19 tile just above it. The 
highest of the three lines is the 41x41 tile reconstructed 
from lower resolution images. For this case, the noise 
variance must be reduced by approximately a factor of 10 
to maintain the same expected error. 

 
Figure 5: Comparison of the three-lens systems from Figures 2 
and 4 with a 41x41 tile using magnifications of 1/5, 1/6, and 1/7. 

 

V.  COMPUTATIONAL ISSUES 

Results from simulations are consistent with the 
expected results shown in Figures 2 through 5. The bridge 
image in Figure 6 from the USC database was divided 
into small overlapping tiles for reconstruction. Several 
with different average values, contrast, and content are 
shown. Simulated measurements used added measurement 
noise or quantized measurement values. The pixels of the 
image source are not uncorrelated as modeled, and the 
actual average performance in simulation is somewhat 
better than the predictions.   

Figure 7 shows plots of the average squared error for 
simulated reconstructions of multiple image tiles as a 
function of measurement noise. In Figure 7(a) the 
variance of the added noise is varied but there is no 
quantization noise. In Figure 7(b) there is no added 
measurement noise but the number of bits used to 
represent the measured values in g is varied. The 
quantization effects can be interpreted as adding noise 
with a variance determined by the values of the least 

significant bit of the quantized measurements, and this 
interpretation is consistent with the results in Figure 7(a).   

 

 

 
Six 35x35 tiles 

Figure 6: Original 512x512 image and six tiles 

 

 
        (a)                                           (b) 

Figure 7: Average squared error as a function of measurement 
noise variance (a) and number of bits per measurement (b). 
 

There is a small overlap in the fields of view for pixels 
used to compute the values of adjacent individual tiles, so 
some further improvements could be attained if larger tiles 
were used in the reconstruction. This was demonstrated in 
Figure 5. However, using larger tiles would significantly 
increase the computational requirements. The same 
improvements can also be achieved by combining results 
from smaller tiles computed independently and in parallel. 
The low rank corrections using the ABCD Lemma in 
Equation (7) could combine the information from adjacent 
tiles. The H matrix for a combination of several tiles 
would have low rank connections between the smaller H 
matrices corresponding to the overlap in fields of view of 
the border pixels of the smaller tiles. 

(A +BCD)-1 = A-1 – A-1B(C-1+DA-1B) -1DA-1 (7) 
Note that the general statement of the lemma does not 
refer to the matrix A used in Equations 4 and 5. 



VI. CONCLUSIONS 
 

Arrays of sub-imagers which produce many low 
resolution images with large amounts of overlap in field 
of view can be used to create an estimate of a higher 
resolution image. This is a well known theoretical 
problem in super resolution, but in practical 
implementation, the results are often not as good as 
expected.  
 
    This paper shows that using lens diversity in the form 
of several different lens types or a lens with a space 
variant magnification improves the quality of the result 
and allows the computation to be partitioned for parallel 
processing. In the example used to demonstrate these 
results, the second added lens system had a lower 
resolution than the first, but it reduced the null space of 
the reconstruction. The results of the two lens system had 
a lower error than the results obtained from a system 
which added a second set of the same higher resolution 
lens arrays. Adding a third lens system with a different 
magnification eliminated the null space of H and the 
expected error performance was limited only by the 
variance of the measurement noise. As expected, lowering 
the resolution of the sub-imagers requires a reduction in 
the noise variance to keep the same expected error 
performance. 

Using lens diversity allows small tiles of a larger image 
to be computed with little penalty in increased expected 
error. Although increasing the size of the reconstructed 
image reduces the expected squared error, it also 
significantly increases the computational cost.  The same 
improvement in expected error can be obtained with an 
update based on the low rank connection between 
adjacent tiles. 

Both theoretical computation of average expected 
squared errors and simulations of reconstructions in the 
presence of added measurement noise and limited 
measurement precision demonstrate the advantages of lens 
diversity for image reconstruction. This can be extended 
to derive strategies for adding new measurements which 
will result in the most improvement. The effects of 
inaccuracies in H due to misalignment or modeling 
assumptions or signal dependent noise are left to future 
studies. 
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