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Abstract

A recently developed four-port coupler used in optical signal processing ap-
plications is shown to be equivalent to a Chrestenson operator, or gate, in
radix-4 quantum information processing (QIP) applications. The radix-4 qudit
is implemented as a location-encoded photon incident on one of the four ports of
the coupler. The quantum informatics transfer matrix is derived for the device
based upon the conservation of energy equations when the coupler is employed
in a classical sense in an optical communications environment. The resulting
transfer matrix is the radix-4 Chrestenson transform, and this operator is capa-
ble of placing a radix-4 qudit in a state of maximal superposition. This result
indicates that a new practical device is available for use in the implementa-
tion of radix-4 QIP applications or in the construction of a radix-4 quantum
computer.

1 Introduction

In the field of quantum computing, theory has been well developed over the last
half-century. There is still room for the discovery of new operators and algorithms,
but current work is enough to show the potential that quantum methods have for
solving some of the most difficult scientific problems. Unfortunately, the physical
implementations for QIP have not advanced as rapidly as the theory. Since a stan-
dard platform has not been chosen for the quantum computer (QC), efforts have
been divided among many competing technologies with quantum optics being one
of the more promising physical realizations. This work hopes to contribute a new,
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higher-radix component to the already well-established photonic quantum comput-
ing library.

The four-port coupler is an optical component shown theoretically to act as a
quantum gate that can place a radix-4 photon-encoded qudit into a state of equal
superposition. The gate realized optically is known as the radix-4 Chrestenson gate,
and its transfer function is derived from the generalized radix-r Chrestenson trans-
formation. Many QIP techniques require quantum superposition, so this operator is
significant to the field of quantum computing due to the need to evolve information
into a state of superposition for quantum algorithm execution. A description of the
four-port coupler as well as a demonstration of its capabilities as a quantum optics
operator will be shown mathematically in this work.

This paper proceeds as follows. A brief summary of important QIP concepts,
details of the Chrestenson gate, with emphasis on the radix-4 implementation, and
information about quantum optics are provided in Section 2. The four-port coupler,
the component of interest, is described in Section 3. The physical realization of
the four-port coupler with optical elements, including its fabrication and character-
ization, is included in Section 4. The demonstration of the four-port coupler as a
radix-4 Chrestenson gate is presented in Section 5. Finally, a summary with conclu-
sions can be found in Section 6. This paper is an extension of the work originally
published in reference [1].

2  Quantum theory background

2.1 The qubit vs. qudit

The quantum bit, or qubit, is the standard unit of information for radix-2, or base-2,
quantum computing. The qubit models information as a linear combination of two
orthonormal basis states such as the states [0) and [1). |0) and |1) are Dirac notation
representations where |0) = {1 0} ! and [1) = {0 1}T, respectively. The qubit
differs from the classical bit by its ability to be in a state of superposition, or a state
of linear combination, of all basis states. Superposition allows QIP algorithms to
be very powerful since it allows for parallelism during computation so that multiple
combinations of information can be evaluated at once. In other words, a single
QC taking advantage of superposition can complete some tasks in a time frame
that would require multiple classical computers working simultaneously. There are
theoretically an infinite number of states for a qubit while in a state of superposition

W=zl +yl)=[z 4] M
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where x and y are complex values, ¢ € C, such that ¢ = a + ib where 7 is an
imaginary number, 2 = —1. For the qubit |¥), the probability that |[¥) = |0) is
equal to z*x = |x|? and the probability that |¥) = |1) is equal to y*y = |y|> where
the symbol * indicates a complex conjugate. The total probability of occupying
either one basis state or the other must total to 100%, so the inner product, or dot
product, of |¥) with itself must equal 1. In other words, z*x + y*y = 1. Once a
qubit is measured, it collapses into a basis state as defined by the eigenvectors of
the measurement operator [2]. The measurement operation causes a qubit’s state of
superposition to be lost.

Qubits are the current standard for encoding data in QIP, but it is possible to
have a quantum system of higher order. Increasing the radix during computation
allows for higher density data to be transmitted because more information is stored
in each fundamental unit of information, or digit, of the system [3]. A quantum unit
of dimension, or radix, r > 2 is referred to as a qudit. In this paper, the radix-4
qudit using four orthonormal basis states is of interest. The set of basis states used

T T
for the radix-4 qudit includes the vectors |[0) = {1 00 0} , 1) = [0 10 0} ,

2)=1[0o 0 1 O}T, and [3) =0 0 0 1] " Just like the radix-2 qubit, the radix-
4 qudit is not limited to having the value of only one of its four possible basis states.
The qudit is capable of existing in a linear combination, or a state of superposition,
of all four basis states, as demonstrated by

T
@) =v|0) +2[1) +y|2)+2B3) =|v = y 2] (2)

where v, x, y, and z are complex values. These coefficients can be multiplied by
their respective complex conjugates in order to derive the probability that the radix-
4 qudit is in a particular basis state. The basis state probabilities of |®) must sum
to 100%, so v*v + x*x + y*y + 2"z = 1.

For a radix-4 quantum system to be physically realized, a methodology must
exist for encoding four distinct qudit basis states. In reference [4], Rabi oscillations
are utilized to create radix-r quantum systems. Orbital angular momentum (OAM)
states of light could also be used to encode the qudit [5]. In this paper, a radix-4
quantum state will be created using the location of light as the information carrier.
This technique builds on the concept of the quantum photonic dual-rail represen-
tation of the qubit in order to physically realize the radix-4 qudit with a quad-rail
implementation.
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2.2 Quantum operations

According to the most popular quantum computing paradigm proposed in reference
[6], a quantum state must be prepared by a QC in a known basis. Afterwards, mean-
ingful information is generated by evolving to the quantum state through quantum
operations. After all computations are complete, the quantum state must be able to
be measured to produce an output. If a quantum algorithm is modeled as a circuit,
quantum operations can be viewed as quantum logic gates. Each of these gates is
represented by a unique, unitary transfer function matrix, U, that is characterized
by the following properties:

e UlU =UU! =1,

e Ul =Tt
e Rank(U) =r
e U =1

When considering radix-r quantum operations, or gates, the transfer function
matrices will always be square matrices each of a dimension that is a power of r.
Therefore, radix-4 qudit operations will have a dimension that is a power of four,
4% where the power, k, indicates the amount of qudits transformed by the quantum
operation.

2.3 The Chrestenson gate

The power of QIP lies in the ability for a quantum state to be in superposition, and
achieving states of maximal superposition is of especially high importance because
it is typically one of the first steps required in quantum algorithms. When the prob-
ability amplitudes are all nonzero and the square of their magnitudes are equivalent,
the qubit or qudit is said to be maximally superimposed, or is in maximal superpo-
sition, with respect to some basis set. Practically, this means that the qubit or qudit
is equally likely to be measured at the value of any of the possible basis vectors.
In radix-2 quantum computation, the Hadamard gate

H=— (3)

is an important operator used to put a qubit in a maximally superimposed state.
When a qubit originally in a basis state passes through the Hadamard gate, the
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transformed quantum information has equal probability of being observed, or mea-
sured, as either |0) or |1). Quantum operators exist for many different computation
bases, such as radix-3 and above, that achieve equal, and therefore maximal, super-
position among the corresponding basis states. These operators are derived using
the discrete Fourier transform on Abelian groups. General theory of Fourier trans-
forms on Abelian groups is outlined in the literature [7, 8]. The multiple-valued
generalization of the radix-2 quantum Hadamard gate and its transfer matrix is
composed of discretized versions of the orthogonal Chrestenson basis function set
[8]. This QIP gate is generally referred to as the Chrestenson gate [9]. Examples of
useful applications of the Chrestenson transform in QIP can be found in reference
[10].

The Chrestenson operator, as the generalized version of the Hadamard opera-
tor, has a shape that depends on the radix of computation. The resulting radix-r
Chrestenson transformation matrix for a single qudit has a size of r x r, and the
basis vectors that span the matrix are composed of r different values. Since the
Chrestenson transformation matrix is normalized with a scalar factor, %, and the
matrix is orthogonal, both the column and row vectors of the operator form an
orthonormal set. Each of the components within a Chrestenson transform matrix
is one of the 7" roots of unity raised to an integral power [8, 9]. The r** roots of
unity can be visualized as r points that are evenly-spaced on the unit circle in the
complex plane. The roots of unity are indicated as wy where k = 0,1, ..., (r — 1),
and the point (1,0), denoted as wy, is always included in this set. Each root satisfies
(wy)" as roots of one. The closed-form representation of the r* roots of unity for a
radix-r Chrestenson transformation is

wy = el 7k, (4)

Fig. 1 contains the plots for the r** roots of unity for r = 2, 3,4, and 5.

The structure of the Chrestenson transform matrix is in the form of a Vander-
monde matrix where each row vector consists of a 7" root of unity, wy, raised to an
integral power j. Each element of the matrix is some form of wj, where j is the col-
umn index and k is the row index. In this indexing scheme, j = 0 is assigned to the
leftmost column vector and j = (r — 1) is assigned to the rightmost column vector.
Similarly, £ = 0 is assigned to the topmost row vector and k = (r — 1) is assigned to
the bottommost row vector. It can be observed that the Hadamard matrix results
from the Chrestenson transform matrix with » = 2, confirming that the Chresten-
son transform is a generalization of the Hadamard transform for higher-dimensional
quantum systems. The generalized radix-r Chrestenson transform matrix, C,, is
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Figure 1: Roots of unity in the complex plane for r = 2, 3,4, and 5.

represented with a matrix in the form of

0 1 (r—1)
Wy Wy Wq

—1

w w} wgr )

0 1 (r—1)
_w(ril) w(r*l) DY )
Using the fourth roots of unity, wg = exp[(i27/4) *0] = 1, wy; = exp[(i27/4) * 1] = i,
wy = expl[(i27/4) * 2] = —1, and w3 = exp[(i27/4) * 3] = —i, in Eq. 5, the radix-4
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Chrestenson gate transfer matrix becomes

1 1 1 1

1 t =1 —
Cy=

Sl

W

|

—_

—_

|

—_
—
D
N—

1

1 — -1 1

The radix-4 Chrestenson gate (Cy), allows a radix-4 qudit originally in a basis
to evolve into a quantum state of equal superposition. The following example shows
how the radix-4 qudit |a) = |0) evolves to [b) = 3[0) + 3 [1)+ % |2) + 5 |3), taking the
value of the first column of the radix-4 Chrestenson matrix, after passing through
the C4 transform

Cyla) =1b),
o1 1 1] [1] 1]
11t i =1 =il lo] 11
Cal0) = — L
Vit -1 1 —1l o] 2|1
1 —i -1 ] |o] 1]

Ca0) = 210) +11) +12) +[3)].

If |a) = |3), the radix-4 qudit would evolve to [b) = 3]0) — 3i|1) — 1 |2) + 2i|3),
taking the value of the last column of the C4 transformation matrix.

11 1 1] [o] [ 1]

TR T B ) 1Y I
Cyl3) = — _1 7
Valr -1 1 —1| o] 2|21

1 i -1 i (1] K

Cal8) = 3110) — 1)~ 2) + 3]

The schematic symbol of the C4 gate is pictured in Fig. 2. This symbol can be used
in radix-4 quantum circuit diagrams.
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Figure 2: Symbol of the radix-4 Chrestenson gate, Cy.

2.4 Quantum optics

Optical quantum implementations are among the more successful physical realiza-
tions of quantum states. In these systems, orthogonal basis states can be encoded
into photon OAM states, polarization, or location, and the state can easily evolve by
passing through linear optical elements. The photon resists coupling to other objects
in its environment, allowing it to maintain its quantum state and not decohere for
long periods of time [11]. Additionally, the ability to maintain coherence enables the
photon to travel great distances at room temperature, making it a good candidate
for long-haul quantum information transmission.

Although photons offer the benefit of state stability in QIP applications, their
failure to interact with their surroundings prevents them from coupling with each
other. Photon-to-photon interaction is difficult, limiting the development of reliable
controlled multi-qubit, or multi-qudit in higher radix systems, gate implementa-
tions. Without operations such as the radix-2 controlled-NOT (CNOT) gate or the
controlled-phase gate, a functional QC cannot exist.

It was once thought that photonic quantum computation was unachievable with-
out nonlinear optical elements, but the presentation of the KLM protocol in refer-
ence [12] improved the outlook for quantum optics. In that work, a methodology for
implementing photonic multi-qubit operations using linear optics was introduced.
These multi-qubit photonic gates, however, are unfortunately limited by probabilis-
tic operation. Currently, the two-qubit CNOT operation can only work 1/4 of the
time when implemented with linear optical elements in the best case scenario [13].

The subject of this paper is a photonic radix-4 Chrestenson gate. Since this
quantum operator is formed from linear optical elements and transforms a single
qudit at a time, the gate is theoretically deterministic in nature.
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 J

W

Figure 3: Signal flow for four-port coupler with input at W.

3 The four-port coupler

The four-port coupler is an optical component introduced and described in reference
[14]. This device is composed of four inputs and four outputs where the input and
output are referred to by their orientation on the component of either W, N, E, or
S. When a single beam is sent into one of the coupler inputs, the component routes
a fraction of the original signal to each of the four outputs. This beam division is
caused by the transmission and reflection of signals within the coupler. Each fraction
of the input beam seen at an output corresponds to one of the following components
of the original signal: a reflected component p, a transmitted component 7, a right-
directed component «, and a left-directed component 5. An illustration of signal
flow of the four-port coupler can be seen in Fig. 3. This image is recreated from a
figure included in reference [14].

Fig. 3 demonstrates in blue a signal entering the four-port coupler from the W
port and exiting the component from the W, N, E, and S ports. The output signals
are generated by pw, Bw, Tw, and ayy, respectively. Whenever a single input enters
the component, all four coupling coefficients are generated to produce four outputs.
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The coupling coefficients produced with a particular port input can be derived with
the coupling coefficient matrix,

pw oanN Te fs
Bw PN QaE T§

w BN pE Qg

aw TN BE ps)

To produce the outputs, an input vector taking the form of [WNES|T is multiplied
by the matrix in Eq. 7 to create a column vector of coupling coefficients. The
produced output column vector also takes the form of [WNES]T. The composition
of the output vector in terms of coupling coefficients indicates what portion of the
input signal contributes to an output from a port.

The four-port coupler does not consume nor dissipate any of the energy that is
input into the component. Therefore, to conserve energy, all of the energy entering
the element must be equal to the energy leaving the element. This concept leads
to the creation of equations that act as conditions that must hold true for energy
conservation. The 10 energy conservation equations of Eqs. 8-17, first derived in
reference [14], use the coupling coefficients found in the matrix of Eq. 7. These
equations are:

pwvpw + By Bw + Ty Tw + ajyaw = 1, (8)
PNPN + BNON + TNTN + ayan =1, (9)
PEPE + BEBE + THTE + apar = 1, (10)
Psps + B5Bs + TaTs + agag =1, (11)
PwTE + Bivar + Tiype + ajy B = 0, (12)
anBs + pnTs + Byas + yps =0, (13)
pwan + Biypn + Ty By + agy Ty =0, (14)
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anTE + pyae + Bype + 78BE =0, (15)
TEBs + apTs + ppas + Bpps =0, (16)

and
pwBs + BiyTs + Tiyas + ajyps = 0. (17)

The first four conditions seen in Eqs. 8-11 exist since the inner product of each
produced field vector from a single input, W, N, E, and S, with itself must sum to 1
for energy conservation. The last six conditions seen in Eqs. 12-17 exist due to energy
conservation that occurs whenever two inputs are present in the component. Since
the coefficient vectors are orthogonal, the inner product between the two produced
coupling coefficient vectors corresponding to inputs at two different ports must equal
zero. There are only 6 constraints produced from sending two inputs to the four-
port coupler because the input combinations are commutative (i.e. AB = BA).
The cases of three inputs and four inputs into the four-port coupler do not create
additional constraints, so they are omitted [14].

4 Physical realizations of the four-port coupler

A macroscopic realization of a four-port coupler is shown in Fig. 4. Whereas a
popular implementation of a radix-2 Hadamard gate is an optical beam splitter,
polarizing or not, the macroscopic four-port coupler is a unitary extension of a two-
prism beam splitting cube. Here, the macroscopic four-port coupler is comprised
of four right angle prisms, coated with an appropriate thin film, cemented together
with care given to the precise mating of the four prism corners. This component
has been used to demonstrate novel, four leg Michelson interferometers designed in
reference [15].

Integrated photonic four-port couplers were previously demonstrated for appli-
cations in optical signal processing as part of a two-dimensional array of waveguides
in a multi-quantum well (MQW) GalnAsP indium phosphide (InP) architecture
[16, 17]. Fig. 5 shows an electron micrograph of a coupler fabricated at the intersec-
tion of two ridge waveguides.

The optical behavior of the four-port coupler depends on frustrated total internal
reflection [18]. The evanescent field of light incident on the coupler is transfered
across the width of the coupler that may be an air gap or a thin slice of dielectric.
Provided the barrier width is small enough, a part of the exponentially decaying
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Figure 4: Macroscopic realization of a four-port coupler.

optical power of the incident light is transmitted across while the remaining optical
power is reflected. Thus, a fraction of light incident on a four-port coupler may be
transmitted to the ongoing waveguide, reflected to both perpendicular waveguides,
or reflected back into the originating waveguide. The fractions of light in outbound
waveguides are determined by the refractive indices of the waveguide and coupler
materials in addition to the width of the coupler.

4.1 Fabrication

Fabrication of the coupler was performed in several steps using nanoelectronic pro-
cessing techniques. First, coupler regions of 180 nm widths and 7 pum lengths were
defined by patterning a thin metallic chromium mask layer atop the waveguides by
focused ion beam (FIB) lithography. Precision alignment and orientation of the cou-
pler to the waveguides during FIB processing was achieved with alignment markers
fabricated beforehand with the waveguides using conventional microelectronic pro-
cessing steps. High aspect ratio trenches were then etched using a hydrogen bromine
(HBr) based [15] inductively coupled plasma (ICP) to a depth of 3.9 ym. This depth
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Waveguides

Four-Port
Coupler

Figure 5: Cross sectional scanning electron microscope image of a four-port coupler
in MQW-InP.

allows the coupler to fully cover optical modes confined to the quantum well region
of the waveguides.

The optimal air gap width for 25% power on all output waveguides of about
90 nm was slightly smaller than the processing capability of the ICP dry etch tool
for the required high-aspect ratio etch. Consequently, to meet this requirement for
a wavelength of 1550 nm, alumina (AlsOg3), with a refractive index of n = 1.71,
was back-filled into the trench using atomic layer deposition (ALD). The resulting
alumina-filled trench is shown in the composite cross-sectional transmission electron
micrographs in Fig. 6.

4.2 Characterization

A 1550 nm laser was coupled into the waveguides using a tapered lens fiber at
one input port. The near-field modes of light were coupled out of the device and
into another tapered lens fiber for optical power measurement to characterize the
coupling efficiency of the four-port coupler. The measured average power coefficients
were o = 0.156, 8 = 0.140, p = 0.302, and 7 = 0.220 for a measured total average
coupling efficiency of 82% for the four-port coupler [16].
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Dielectric (Al,O;)
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Quantum Well GalnAsP
Region

200 nm

Figure 6: Cross sectional transmission electron micrograph of a four-port coupler
backfilled with alumina using atomic layer deposition.

5 Implementing qudit quantum operations with the
coupler

It is known that the Hadamard gate meant for use with a quantum qubit can be con-
structed from a beam splitter [11]. The radix-4 Chrestenson operation, an operation
that acts on a quantum encoding using four basis states, transforms a radix-4 qudit,
and the four-port coupler is a physical realization of this gate. In the realization of
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the radix-4 Chrestenson gate, the ports of the four-port coupler must be encoded in
order to represent the four qudit basis states. In this paper, the following encoding
has been chosen for the location-based scheme: port W is the |0) rail, port N is the
|1) rail, port E is the |2) rail, and port S is the |3) rail.

The four-port coupler follows 10 energy conservation equations, Eqgs. 8-17, that
are algebraically nonlinear. If the radix-4 Chrestenson matrix values are substituted
for the values of the coupling coefficients in Eq. 7, the energy conservation constraints
are satisfied and the following matrix is generated:

_1 1 _1 3 1
PW—2 aN—2 TE—2 5—2
3 1 1. 1 1.

== =1 ap=—¢ = —=1
W B PN 5 E ) TS 5

_1 By = 1 1 _ 1
TW—2 N = B PE—2 ag = 5

_1 _ 1. By — 1 _1,
_OéW—2 ™N = 21 E = 9 PS—QZ_

When a single photon, representing a qudit, is applied to one of the inputs the
four-port coupler, either W, N, E, or S, energy is conserved and the radix-4 Chresten-
son transform is achieved. The photon leaves the gate with equal superposition of
all basis states. In other words, the photon has a 1/4 probability of being located
in any of the output ports W, N, E, or S representing the basis states |0), |1), |2),
or |3), respectively:

DO GO-GO-HO-
(D6 (DD B OO
9O (D)

psps + Befs + 1éTs + asag =1,
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() () () (5)+ () (=9)+ () (53)

2')\2") " \2) \2 2')\ "2 2)\"2) "~
If two signals are input into the four-port coupler Chrestenson gate, the conservation
of energy causes the inner product of the two produced vectors of coupling coefficients

to be zero:

PwTE + Biyae + Ty pe + oy fe =0,

(6)G)+ () () (G) )+ () () =0

anfBs + pnTs + Byas + Typs = 0,

(2) () + () (20 (2) () + (o) (51) =

pwan + Biyen + Ty By + ajy Ty =0,

(2)(3)+ () () () (2) + (2) (3)

anTe + pyag + Bype + TNBE = 0,

(2) () (2) (2)+ (55) () (30) () =0

TEBs + apTs + ppas + Brps =0,

(3) () (52) (20)+ () (55) + (52) (39) =
2)\2 o)\ 72") T\2) 2 2)\2") ="
pwBs + PwTs + Tyas + aqyps = 0,
() )+ () () () () = () (39) =
2/ \2 2 2 2 2 2)\2)
Since these equations are satisfied with the elements of the derived radix-4 Chresten-

son transform matrix, the four-port coupler proves to act as an effective radix-4
Chrestenson gate.
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6 Conclusion

In this paper, an integrated photonic four-port coupler that has potential for inte-
gration in radix-4 qudit based quantum photonic circuits is discussed. By showing
that the radix-4 Chrestenson transfer function satisfies the operational conditions
imposed by the conservation of energy for the coupler, we demonstrate the com-
ponent’s ability to act as a radix-4 qudit Chrestenson gate in an optical quantum
system. The Chrestenson gate puts a radix-r qudit into a state of equal superposi-
tion between all orthogonal basis states, so the discovery of a physical realization of
such a gate is significant. Because a linear combination of radix-4 basis states can
be achieved in quantum optics whenever the four-port coupler is used, QIP algo-
rithms that utilize maximal qudit superposition can be realized with this element.
The introduction of new quantum applications for the four-port coupler as a radix-
4 Chrestenson gate will lead to additional gates and methods that make radix-4
quantum photonic systems more robust.
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